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V.S. Stolyarov

Editor-in-Chief of the Mesoscience & Nanotechnology

submitted 1 December 2023,

Dear Colleagues,

Throughout the latter half of the twentieth century,
there was a remarkable surge in scientific exploration en-
compassing physical processes across various length scales
from the atomic to the macroscopic. This trend is par-
ticularly evident in the research of nanosized devices and
quantum materials along with a comprehensive under-
standing of their characteristics. The strides made in
this field have been facilitated by the invention of innova-
tive methods for producing low-dimensional, topological,
and other materials. Additionally, the development of
sophisticated techniques has allowed for the examination
and precise control of physical and chemical parameters
across different length scales.

This scientific progress has spurred global advance-
ments in physics, generating heightened interest in a va-
riety of artificial structures such as superlattices, het-
erostructures, quantum dots, thin films, and interfaces.
Consequently, researchers are expanding their focus be-
yond purely theoretical issues, turning their attention to
current and future practical applications in real-world
nanodevices. Mesoscopic physics and chemistry, or Meso-
science can be considered a critical bridge between physics
at the nano- and micro- scales, encompassing both fun-
damental and applied research. This motivation has in-
spired us to launch a new international scientific journal,
Mesoscience & Nanotechnology, dedicated to facilitating
the exchange of scientific information. In a commitment
to fostering an open platform for knowledge sharing, we
have opted for a free-of-charge publication format, bene-
fiting both readers and authors.

Developed by scientists for scientists, our journal em-
phasizes responsiveness, high-level research contributions,
rigorous peer-review standards, and an unwavering com-
mitment to scientific ethics devoid of any political and
other biases. We firmly believe that this approach will
propel the advancement of Mesoscience on a global scale.

Covering a wide array of topics, the journal spans su-
perconductivity and superconducting devices, nanoelec-
tronics and nanotechnology, surfaces and interfaces, func-
tional materials (fabrication and properties), quantum
physics and materials, topologically protected electronic
phenomena, 2D materials and devices, quantum dots,

published 8 December 2023

low-dimensional magnetism and superconductivity, het-
erostructures and superlattices, strongly correlated elec-
tronic systems, ferroelectricity, multiferroics, thin films,
neuromorphic systems, nanobiotechnology, and innova-
tive methods.

Mesoscience & Nanotechnology operates as a peer-
reviewed, open-access interdisciplinary journal, publish-
ing original research results in various formats, including
articles, letters, reviews, methodological notes, and anal-
yses of perspectives and trends across physics, chemistry,
materials science, and related disciplines. Notably, our
non-commercial initiative is led by individuals passionate
about fostering scientific discourse. The list of editors can
be accessed on the journal’s website: jmns.press.

We invite authors worldwide to submit their manu-
scripts for prompt consideration. The editorial board
is committed to making the first decision on manuscript
suitability for further consideration and publication within
10 days. All submissions will then go through a rigor-
ous single-blind review process conducted by three ref-
erees with the first evaluation round expected to con-
clude within 21 days of submission. Upon acceptance,
manuscripts undergo proof preparation before electronic
publication on the journal’s website under the CC BY-
NC-ND 4.0 license, allowing free distribution. Our aim
is to garner community support and expedite the inclu-
sion of Mesoscience & Nanotechnology in national and
international abstract and citation databases, including
Crossref, Web of Science, Scopus, RSCI, and others.

We are proud to present the inaugural issue of Meso-
science & Nanotechnology, the result of dedicated efforts
from authors, reviewers, members of the editorial board,
and IT engineers.

On behalf of the Editorial Board,

Prof. Vasily S. Stolyarov,
Editor-in-Chief
editor.chief@phtreatise.com
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Thickness-dependent superconductivity
in MoRe films studied by terahertz spectroscopy
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submitted 9 Septemper 2023,

erahertz time-domain spectroscopy is used to perform
T the first detailed studies of the electrodynamic prop-
erties of MoRe (60%/40%) films with thicknesses ranging
from 10 to 100 nm. Films are prepared by magnetron sput-
tering technique on silicon substrates. The critical tem-
peratures vary from 6.5K (for 10 nm film) to 9.5K (for
100 nm film). Spectra of complex permittivity, conductiv-
ity, refraction index, surface impedance and reflection coeffi-
cient for the films are acquired at frequencies 0.15-2.4 THz
(wavenumbers 5-80 cm™') and in the temperature interval
T'=5-300 K. For all films, temperature dependencies of the
superconducting energy gap, penetration depth, supercon-
ducting condensate plasma frequency, and normalised super-
fluid density are obtained on a quantitative level. It is shown
that the reduction of film thickness leads to a strong decrease
of the critical temperature and magnitude of the energy gap.
The observed suppression of superconductivity is assigned to
reduction of the superconducting order parameter due to the
contribution to the free energy of the electronic energy states
at the surface of superconductor. The MoRe films with the
obtained characteristics can be used in designing advanced
superconducting electronic devices.

Introduction

Molybdenum-rhenium superconducting alloys continue to
attract the attention of researchers from a fundamental
viewpoint because of their intriguing properties in the
superconducting (SC) state as well as their significant
potential for use in modern electronics. Mo;_,Re, films
exhibit superconductivity with a superconducting criti-
cal temperature 7T, reaching up to 15K, % which is of
the order of magnitude higher than T, = 0.9 K in Mo
and T, = 1 K in Re.> The compounds are s—wave type-
IT superconductors, with the upper critical field of 8 T at
4XK.58 There are indications of a two-band/two-gap su-
perconductivity in the MoRe alloys? '° allowing to con-
sider them as materials for the studies of multiband su-
perconductivity. As an intriguing property, one can con-
sider an electronic topological transition that is observed
around the critical concentration z. = 0.11''713 mak-
ing MoRe an ideal playground for study of time-reversal
symmetry breaking in unconventional superconductors.*

accepted 24 November 2023,
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Thin MoRe films exhibit excellent superconducting prop-
erties,'® stable chemical, electrical and mechanical char-
acteristics,'®"!7 high radiation stability,'® ability to make
good electrical contact with carbon-based materials (gra-
phene, carbon nanotubes),'” stability for electron beam
lithography.2® All of these properties have revived a lively
interest in MoRe alloys in the context of their use in devel-
oping elements for modern electronic systems. As a trans-
parent for carriers interface to graphene and carbon nan-
otubes,® 19 MoRe films are promising for the development
of elements for quantum compmtautionzL22 and quantum
memory.?%2% Few nanometers thick MoRe films can be
used for the fabrication of SQUID-on-tip devices with en-
hanced characteristics??2® and spin-qubit elements.?%27

The growing interest in thin MoRe films has emerged
among communities working on developing sensitive single-
photon detectors.!®2®  These detectors commonly use
NDbN thin films with the critical temperature T, close to
9K (for a 4nm-thick film).?® With the doubled SC en-
ergy gap 2A ~ 6 meV (for 15 nm thick film),?° high quan-
tum efficiency NbN-based detectors operating in visible
and middle infrared spectra regions can be realized.?® To
achieve even lower, terahertz (THz) working frequencies,
superconductors with smaller gap values are necessary.
Numerous compounds fit this requirement, such as MoSi
(2A(0) = 2.28 meV), MoGe (2A(0) = 2.2 meV), WSi
(2A(0) = 1.52 meV), and NbSi (2A(0) = 0.94 meV), as
reported in Ref.?* (here A(0) stands for the SC energy
gap at zero temperature). However, their critical temper-
atures are rather low even for bulk samples. Thin MoRe
films stand out because of their relatively high T, values,
which is close to that for NbN films.

Thus, detailed studies of the electrodynamic proper-
ties of MoRe films in sub-terahertz and terahertz fre-
quency domains are needed. In this frequency range the
temperature evolution of the superconducting gap can
be spectroscopically traced in detail and analyzed. In
addition, operating frequencies of electronic communica-
tion systems of the next generation indeed belong to this
range. Since such studies have not been reported so far,
our goal was to perform the first systematic measure-
ments and analyses of the electrodynamic characteristics
of Mog gReg.4 films with various thicknesses at frequen-
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cies f = 0.15 — 24THz (wavenumbers v = 1/Acm =
5 — 80cm~!, where A\, is radiation wavelength in cm)
and in the temperature interval T'=5 — 300 K.

Results and discussion

Experimental procedure. The Mo gReg 4 films were pre-
pared by magnetron sputtering on highly insulating and
thus transparent for terahertz radiation silicon substrates
of thickness /0.5 mm, as described in Ref. 2° Films thick-
nesses were 10, 15, 20, 30, 50, 70, and 100nm. Tera-
hertz characteristics of the films were determined using
the commercial TeraView TPS Spectra 3000 time-domain
spectrometer by measuring complex-valued (amplitude
and phase) transmission coeflicient spectra of the films
on the substrates. Temperature-dependent THz spectra
of the real parts of permittivity ¢'(v,T) and conductiv-
ity o/(v,T) of the MoRe films were calculated with the
TeraCalc software. This employs numerical solution of
the system of two essentially non-linear equations for the
amplitude Tr(¢’, 0’) and the phase ¢.(¢', ') of the com-
plex transmission coefficient Tr(¢’, ') explipT, (', 0’)] of
a two-layered system (a film on a substrate), see Egs. (1)—
(5) in Supporting Information. Other quantities, such
as the real and imaginary parts of the complex refrac-
tive index n* = n + ik, and the surface impedance Z, =
Rs+1X,, were also calculated using standard expressions
(see, e.g., textbook®'). THz parameters of the Si sub-
strates were determined beforehand. Measurements were
performed in a quasi-optical configuration of the mea-
surement scheme of the spectrometer, with a homemade
helium-flow cryostat equipped with Mylar windows.

Normal state. Figure la shows room-temperature spec-
tra of transmission coeflicient T of the bare silicon sub-
strate and of substrates with MoggReg 4 films of thick-
ness 10, 20, 50, and 100nm. The periodic oscillations
in the spectra arise from the interference of the elec-
tromagnetic waves inside the plane-parallel transparent
substrate, which can be considered as a Fabry-Pérot res-
onator. The interval Av between oscillations is mainly
determined by the substrate refraction index n and thick-
ness d: Av = (2nd)~!, while the amplitudes of the peaks
are determined by the transparency of the films. For
the bare substrate, the transmission of the interferomet-
ric peaks reaches nearly unity, while the transmission of
the peaks for the samples with MoRe films is significantly
lower (at about two orders of magnitude for the 100 nm
thick film). There is a phase shift at about = between
the maxima observed for the bare substrate and the sub-
strates covered with MoRe films. This is a consequence
of impedance matching of the silicon-air interface by con-
ducting Mog gReg 4 film with a thickness smaller than the
skin depth. The phenomenon was considered in detail in
Refs.32:33

Spectra of transmission coefficient of all samples, as
well as frequency dependences of conductivity and per-
mittivity of all films did not reveal any significant changes
during cooling from 300 K down to the critical tempera-
ture T, in accordance with the literature data.?* At all
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Figure 1. a — Room-temperature spectra of the transmission coef-
ficient of Mog.¢Req.4 films of various thicknesses deposited on silicon
substrates. Periodic oscillations are due to the Fabry-Pérot effect —
1. e. interference of electromagnetic waves inside plane-parallel sub-
strate. b — Room-temperature dispersionless conductivity spectra
of Mog.gReg.4 films of thickness d = 50nm and d = 10nm. c¢ —
Thickness dependence of AC conductivity ¢’ (left axis) and surface
resistance Rs = (0/d)™! (right axis) in the normal state (T > T¢).
Inset shows thickness dependence of AC resistivity p’ = 1/0’ and
mean-free path [, determined from fit of p’(d) with Eq. (1), for
charge carriers in the films. Lines show least-square fits based on
expression (1) from Ref.3?

temperatures in the normal state (at T > T.) the con-
ductivity spectra of all films were dispersionless, indicat-
ing the metal-type response in the low-frequency limit
(v < v, where 7 is the scattering rate of carriers) of the
Drude conductivity model.3%:37 This is demonstrated in
figure 1b, where the conductivity spectra of two films,
10nm and 50 nm thick, are shown as examples. Figure 1c
shows the dependence of the normal-state AC conductiv-
ity o, AC resistivity p’ = 1/0¢’, and surface impedance
(0'd)~! on the thickness d of the MoRe films. It is seen
that the dependences are well described by the following
expression obtained for granular films accounting addi-
tional scattering effects at film surface and grain bound-
aries38

st =g (1+4%). 1)

Here, pg and [y are the bulk resistivity and the bulk mean
free path of the charge carriers, respectively, and A is a
constant of the order of unity. Fitting the p(d) depen-
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Figure 2. a, b, ¢ — Frequency dependence of the transmission

coefficient (a), the real part of AC conductivity (b), and the real
part of dielectric permittivity (¢) for 10 nm-thick Mog.¢Reg.4 film
on silicon substrate, measured at different temperatures above and
below T.. Oscillations in the spectra in panel a are due to the in-
terference of radiation within the plane-parallel Si substrate. Red
dashed envelope line shows that the oscillations at T" = 4.4 K dis-
play broad maximum around the value 2A/hc. Inset in panel c
represents radiation penetration depth3? § = (2rkv)~! above and
below T, (here k is the extinction coefficient); vertical bar marks
SC energy gap at 4.4 K. Solid lines in panels b and c are the least-
square fits with BCS expressions.4?

dence by Eq. (1) allows to determine Iy = 10nm and
po = 75ud-cm. The value [y = 10nm is more than
two times larger than | = 4.2nm obtained for MoRe al-
loy.'* Taking the Fermi velocity vr = 2.34 - 107 cm/s,'*
we estimate the scattering rate of charge carriers v =
vp/(2mclp) ~ 120cm™! (¢ is the speed of light). This
value lies above our working frequency interval, thus con-
firming that the normal-state response of the films corre-
sponds to the low-frequency limit of the Drude conduc-
tivity model.

Superconducting state. Spectra of transmission coeffi-
cient, conductivity and permittivity of all studied films

undergo strong changes when these films enter the SC
state. This is demonstrated in figure 2 by the spectra
obtained for 10 nm-thick MoRe film on silicon substrate
(see also the spectra for 50 nm-thick MoRe film on silicon
substrate in figure S1 in Supporting Information). These
changes are typical for SC films as it was first demon-
strated by Tinkham and coworkers*'** and reproduced
later by other researchers in numerous experiments on
conventional and high-T, superconductors. As described
below, by analyzing the spectra of the real parts of con-
ductivity (¢/) and permittivity (¢) through model fitting,
we enable accurate determination of the critical temper-
ature T, (with an accuracy £0.2 K) and the energy gap
A (with an accuracy £0.14 meV), as well as other char-
acteristics of the SC state for MoRe films. At the low-
est achievable temperature T' = 4.4 K, the envelope for
the interferometric peaks in the transmission spectrum
(dashed red line in figure 2a) displays broad maximum
around the value 2A/hc (where h is Planck’s constant),
corresponding to the SC gap. The THz conductivity that
characterizes absorption of radiation becomes suppressed
at below 50 — 60cm ™!, showing a kink around 2A/hc
(figure 2b). Also, the dielectric permittivity strongly de-
creases below 20 cm ™1 (see Ref.*>) according to the rela-
tionship ¢’ = —(V;?lc /v)? representing dielectric response
of SC condensate, where v5¢ = (2mc) ! \/4mn.e?/m* is
the plasma frequency of SC condensate, n. is the density
of electrons in SC condensate, e is the electron charge,
and m* is the electron effective mass. The dielectric per-
mittivity reaches large negative values that characterise
the inductive response of Cooper-pairs condensate un-
der the zero-frequency delta function in the conductivity
spectrum. The superconducting transition also leads to
strong changes in other electrodynamic quantities. Fig-
ure 3 shows the temperature evolution of the spectra of
real and imaginary parts of the complex refraction coef-
ficient n* = n + ik of the 10 nm-thick film (similar data
for 50 nm-thick film is shown in figure S2). In the normal
state, n ~ k ~ (0’ /v)°5, as expected for a good conduc-
tor.36:37 Below T, the extinction coefficient k strongly
increases and refraction index n decreases, leading to a
strong enhancement in the bulk reflection coefficient R
below 2A/he (inset in figure 3b).T Similar spectra for the
50 nm-thick film are presented in figure S2. One can see
in figures 2b and 3a that in the SC state at low wavenum-
bers, v < 2A/he, there is significant scattering in the ex-
perimental data for the conductivity o’ and the refraction
index n; it is especially pronounced for the 50 nm-thick
film (figures S1 and S2). The reason is that the trans-
mission spectra measured in the SC state are mainly de-
termined by the large negative permittivity ¢ and the
large positive extinction coefficient k. As a result, both
quantities &/ and k are determined much more precisely
compared to ¢’ and n.3% 3346

To add more to the THz electrodynamic properties of

TNote that an ideal s—wave superconductor at T = 0 and
v < 2A/hc would have zero AC conductivity o’ and large negative
permittivity €’ values leading to n = 0 and k > 1. This case would
correspond to an ideal reflector with a bulk reflection coefficient®!
Rpuik = [(n = 1) + K] /[(n + 1)* + k?] = 1.
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Figure 3. a, b — Frequency dependence of the refraction coefficient
(a) and the extinction coefficient (b) for 10 nm-thick Mog.gReg.4
film on silicon substrate measured at temperatures above and below
Te. Solid lines in panel b for T'= 4.4K and T = 6 K are the least-
square fits with BCS expressions;%9 lines corresponding to normal-
state spectra at 7' = 10 K are plotted according to the low-frequency
limit (v < ) of the Drude conductivity model:36:37 n ~ k =~
(¢'/v)05. TInset in panel b shows spectra of the bulk reflection
coefficient calculated according to the expression Rp,r = [(n —
1)2 4+ k2]/[(n+1)? + k3]; vertical bar marks SC energy gap at 4.4 K.

the studied Mog gRep.4 films, we present in figure 4 the
spectra of the real Rg and imaginary X, parts of sur-
face impedance Z5; = R, + iX,. For a thin film, it reads
Zs — (O’*d)fl — O'/[d(O'Q +O,//2)]—1 +i(7”[d(0’l2 +(7//2)]717
where 0* = ¢’ + i0” is the complex-valued conductivity
of the film material. At T" > T, we observe dispersion-
less dependences R, and Xy, ~ 0 on the wavenumber,
as expected for a good conductor.?”4” In the SC state,
the real impedance Ry (related to absorption) is strongly
suppressed, while the frequency dependence of X, has
a broad maximum around the doubled gap frequency.
These findings are typical fingerprints of a superconduct-
ing response.8

Although MoRe compounds are considered as two-
band superconductors,”'® we do not observe any corre-
sponding feature in the measured THz spectra (figures 2—
4, as well as figures S1 and S2). The reason might be
that the contribution to the electrodynamic response of
one of the bands considerably exceeds the contribution of
the other band. Thus, in order to model the experimental
spectra, we used the BCS expressions derived for a single-
band superconductor.*® The fitting results shown by the
solid lines in figures 2—4, S1-S2 describe the experimental
spectra quite well. From figure 2b we see that the mea-

300 T T T T T T
10 K>T,
100 L o ° o . 1
S fek¥
o 3 3/ 44k Mo, gRe, 4 film
I d=10nm
; [
L
10 H b'-. -
[ </ 20
™ a
3 1 1 1 1
0 20 40 60 80
T T T T T
200
150
g8
><lll

100

50

Figure 4. a, b — Frequency dependence of the real Rs (a) and the
imaginary X (b) parts of the surface impedance Zs = Rs +iXs =
(o*d)~t = o'/[d(0"? + 0""?)] + ic" /[d(c"? + o""?)] of 10 nm-thick
Mog.6Rep.4 film on silicon substrate measured at temperatures
above and below T¢; o* = o’ + ic” is the complex conductivity.
Solid lines are the least-square fits with BCS expressions.?? Inset
in panel b shows Rs and X spectra of bulk material calculated
using the formulas Rs = Zon/(n? + k?), and X5 = Zok/(n? + k2),
where Zg = 376.7Q2. In normal state |Rs| &~ |Xs|, as expected in
the low-frequency limit (v < ) of the Drude conductivity model;36
at T < T. both quantities strongly decrease.*® Vertical bar marks
SC energy gap at 4.4 K.

sured conductivity values are slightly above the BCS re-
sults, indicating extra below-gap absorption that may be
due to bulk and/or surface defects. The performed fitting
of the spectra allows us to determine temperature depen-
dences of characteristics of the SC condensate — namely,
the plasma frequency V;?IC, the London penetration depth
AL =1/ (27r1/§lc), the normalised superfluid density 1/\%
and the energy gap (figure 5). The temperature depen-
dences of VEZC, Az and 1/)\3 are in agreement with the
expressions of two-fluid superconductivity model:*”

vSC(T) = SC 1 — (T/T)", (2)
ATy = 20 3)
1 (1/T.)"

The temperature dependences of the gap energy values for
the MoRe films of different thicknesses are well described
by the BCS-like empirical expression*?
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Figure 5. a, b, ¢ — Temperature dependences of the plasma frequency of superconducting condensate VEZC (a), the London penetration

depth Az (b), and the normalized superfluid density 1/A% (c) for the MoRe films of various thicknesses. Lines show least-square fits
using expressions of the phenomenological Gorter-Cazimir two-fluid model of superconductivity,*” corresponding expressions (2) and (3)
are given in the text. d — Temperature dependences of the superconducting energy gap values for Mog gReg.4 films of different thicknesses.
Solid lines show the least-square fits with the empirical expression® (4).

2A(T) ~ 2A(0) tanh {1.82 [1.081 (? — 1)} 0'51} . (4)

In the above expressions (2)—(4) VflC(O), Ar(0), and 2A(0)
represent zero-temperature values of the corresponding
quantities. The doubled SC gap values obtained for all
films are below 3 meV, so that the corresponding gap fre-
quencies 2A(0)/hc < 24cm™! are smaller than the esti-
mated scattering rate v ~ 120 cm~!. This means that we
deal with the dirty-limit superconductivity for all tested
MoRe films.

Earlier, it was shown® that the superfluid density in
Mog.¢Reg.4 polycrystalline samples cannot be explained
within the framework of a single-band approach, since
they show clear deviation from single-band behavior at
low temperatures 2-6 K. Those data were described con-
sidering a two-band approach with the energy gaps 2A; =
3.9meV and 2A; = 1 meV. The gap value 2A(0) =2.9meV
obtained in our experiment for the thickest (100 nm) film
falls between 2A; and 2As.

Thickness dependence of THz characteristics of
Moy sRey 4 films in superconducting state. Figure 6
presents the dependences of the penetration depth A (0),
the critical temperature T, and the SC gap energy 2A(0)
on the thickness d of the MoRe films. The reduction

of the film thickness leads to an increase of the pene-
tration depth and the decrease in both the critical tem-
perature and zero-temperature energy gap. The ratio
2A(0)/kpT. = 3.8 £ 0.2 is slightly higher than the stan-
dard BCS value 3.52 for weak-coupling regime, and this
indicates moderately strong electron-phonon coupling in
the MoRe films (kp is the Boltzmann constant). By fit-
ting the experimental dependence of Ar,(0) on d using the
expression®®

€o

A (d) = 06200 [ 7, (5)

which is valid in the dirty limit, we are able to esti-
mate the bulk BCS coherence length { = 26nm; \g
corresponds to the bulk penetration depth. The result
of the fitting is shown in figure6a by solid line. Tak-
ing 2A(0) = 3 meV as typical energy gap for bulk ma-
terial (according to figure 6¢) and the Fermi velocity!?
vp = 2.34- 107 cm/s and using well-known expression®”
& = hvp/(mA), we get the value of the BCS coherence
length £ ~ 33 nm that is close to the above estimate
& = 26 nm. It makes possible to estimate the Ginsburg-
Landau parameter k = Ap/¢ ~ 10, indicating type-II
superconductivity in MoRe films. Using the dirty-limit
expression®®

£(d) = 0.855+/&l(d), (6)

we can evaluate the dependence of the coherence length
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& on film thickness. The result is shown in the inset of
figure 6a together with the thickness dependence of the
mean free path [. For all films, we have £(d) > I(d), what
again confirms the dirty-limit SC. Smallness of the coher-
ence length ¢ and the mean free path ¢ with respect to
both the penetration depth in normal state § = (2rkv)~!
and in SC state Ay (see insets in figures 2¢, Slc, and 5b)
means that the local approach holds in the normal and
SC states of the studied Mog gReg.4 films.

Let us consider the suppression of superconductiv-
ity in thin films that is accompanied by a reduction of
both the critical temperature and the energy gap. Since
Mog.gReg.4 films are binary alloy, such suppression could
be due to disorder. Maekawa and Fukuyama®! were the
first to analyze the suppression caused by Cooper pairs lo-
calization in disordered thin films leading to an enhanced
Coulomb repulsion and suppressed electronic density of
states. They obtained the following expression

T
In Tbulk ) =

1(g1 - 3¢)N(0)e* Ry [1n (5.550 Tﬂ 2

2 2m2h I T.
L@+ gINO)RD [ (o & T
3 272h Tl T ’

where ¢’ < 0 stands for the attractive interaction re-
sponsible for Cooper pair formation, g; > 0 character-
izes Coulomb repulsion, N(0) is the electronic density of
states at the Fermi level per spin, R is the sheet resis-
tance, and T %* is the critical temperature of bulk sam-
ple. The expression (7) with the parameters ¢’ = —0.2
and g = 7 describes the experimental T.(d) data quite
well (dashed line in figure 6b), but the value g1 = 7 seems
to be too large as compared with g; ~ 1, considered in
Maekawa and Fukuyama’s paper.

Alternatively, we can use the theory of Finkel’shtein®?
based on the renormalization group approach and leading
to the following expression

L [y T
T 1—\/1/2/(y — t/4) ’

where t = e?Rg/(27%h), v = 1/log (T?"F7), and T is
the transit time. Taking the Fermi velocity vp = 2.34 x
10" cm/s'* and thickness-dependent mean free path (see
inset of figure 6a), we conclude that the expression (8)
cannot reproduce our experimental data (see red line in
the inset of figure 6b), since we should consider unrea-
sonably short bulk mean free path, [ = 0.56 A (see blue
line in the inset of figure 6b).

Following the paper of Simonin®® we consider a sur-
face contribution to the Ginzburg-Landau free energy

53

$The author adds the term proportional to an integral fS P3ds
over the surface of a superconductor into the free-energy functional,
where 9 is the normalized order parameter. This leads to the mod-
ification of the boundary conditions and results in the suppression
of Te.
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Figure 6. a, b, ¢ — Thickness dependence of the zero-temperature
London penetration depth Az (0) (a), the critical temperature (b),
the superconducting energy gap 2A(0) and the ratio 2A(0)/kpT.
(c) for Mog.¢Rep.4 films. Solid line in panel a is the least-square
fit according to Eq. (5). In panel b the dashed line (labelled MF)
is a result of calculation according to the expression (7) taken from
Maekawa and Fukuyama’s paper,®! and solid line (labelled S) cor-
responds to the least-square fit with the expression (9) taken from
Simonin’s paper.>® In panel c¢ the solid line (S) shows a fit with
2A(d) ~ (1 — const/d), see Eq.(9). Inset in panel a: thickness-
dependent coherence length and electron mean free path. Inset
in panel b: dots — the dependence of the critical temperature of
Mog.6Rep.4 films on their surface resistance; dashed line (MF) —
least-square fit with expression (7); blue line (labelled F) — fit ac-
cording to the expression (8) taken from Finkel’shtein’s paper®?
(vp = 2.34-107cm/s and lgp = 0.56 A); red line (F) — calculation
using the expression (8) with the same parameters as before, but
with the thickness-dependent mean free path, see inset in panel a.

functional that leads to decrease in the density of states
near the surface. This effect becomes significant in thin
films where the surface-to-volume ratio is dominant. The
theory of Simonin predicts the following dependence

). )

where d. = 2a/N(0)V is the critical thickness, corre-
sponding to T, = 0, a is the Thomas-Fermi screening
length that is of the order of lattice parameter, V is the
interaction potential, and N(0)V is the bulk interaction
potential. The expression (9) describes well the exper-
imental data with the ratio 2a/N(0)V = 1.2 nm (solid
line in figure 6b). Taking a ~ 0.3 nm for Mog gReg.4, we

a1 i
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obtain a quite reasonable value for the interaction poten-
tial N(0)V ~ 0.5. This allows us to conclude that the
reduction of the order parameter near the surfaces of SC
films can be considered as a more appropriate mechanism
of suppression of superconductivity in the studied films.
We note that similar results have been obtained for pure
molybdenum films.>*

According to figure 6¢, the ratio 2A/kpT, = 3.8 0.2
seems to be thickness-independent, suggesting that the
critical temperature depends on the film thickness in the
same way as the energy gap. This is demonstrated by
a fit of the experimental dependence 2A(d) with an ex-
pression 2A(d) ~ (1 — const/d) that is similar to Eq. (9).
We thus suggest that the suppression of both the critical
temperature and the SC energy gap are governed by the
same mechanism — the alteration of the boundary con-
ditions caused by the surface term introduced in the GL
functional, resulting in change of the interaction potential
N(O)V.

Conclusion

The first systematic studies of terahertz electrodynamic
properties of Mog gReg 4 films of thicknesses ranging from
10 to 100 nm and corresponding critical temperatures from
6.5 to 9.5 K are performed at frequencies 0.15 — 2.4 THz
and in the temperature interval T = 5 — 300K. The
spectra of conductivity and permittivity are described
within the BCS single-band approach. The obtained ratio
2A(0)/kpT. = 3.8 £ 0.2 slightly exceeds the BCS value
3.52, demonstrating moderately strong electron-phonon
coupling. The temperature dependencies of the supercon-
ducting energy gap, the penetration depth, the supercon-
ducting condensate plasma frequency and the normalized
superfluid density are reproduced within the two-fluid su-
perconductivity model. A strong decrease in the critical
temperature and the energy gap in thin MoRe films is
associated with the suppression of the mean supercon-
ducting order parameter due to a decrease in the local
electronic density of states in MoRe films near their sur-
faces. Although our thinnest films have slightly smaller
values of the critical temperature than those obtained
earlier,?® the values T,(d) are still higher than the criti-
cal temperatures of the alloys®® MoSi, MoGe, WSi, NbSi,
mentioned in the Introduction section. This makes MoRe
alloy a perspective material for the design of elements and
devices of advanced electronics and optoelectronics, for
example, single-photon detectors, high-Q resonators for
frequency locking systems (see figure S3), etc.
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e have studied the Thouless energy in Josephson
W superconductor — normal metal — superconductor
(SN-N-NS) bridges analytically and numerically, considering
the influence of the sub-electrode regions. We have discov-
ered a significant suppression of the Thouless energy with
increasing interfacial resistance, consistent with experimen-
tal results. The analysis of the temperature dependence of
the critical current in Josephson junctions in comparison with
the expressions for the Thouless energy may allow the deter-
mination of the interface parameters of S and N-layers.

Introduction

In recent years, there has been a reawakened interest in
Josephson structures in which the weak coupling region
exhibits a metallic type of conductivity.' !! These struc-
tures are anticipated to surpass the integration limita-
tions faced by superconducting devices used in digital
information processing. The steady-state properties of
SNS Josephson sandwiches and superconductor/normal
metal /superconductor SN-N-NS bridges have been inten-
sively studied.'01?

In Ref.'? assuming the fulfillment of rigid boundary
conditions at the SN interfaces, it was shown that in the
case when the distance L between the S-electrodes signif-
icantly exceeds the characteristic decay length of super-
conducting correlations in the N-layer ¢ = (D/27T)'/2,
the decay of the critical current /. with increasing L de-
pends significantly on the ratio between the operating
temperature T and the critical temperature of the su-
perconducting electrodes T, (here D is the diffusion co-
efficient of an ordinary metal). At small temperature
(I < T.) there is a power dependence (I. o 1/L?).
With increasing temperature, the dependence of I. on
L becomes exponential: I. « exp (—L/£).

In Ref.!'” these studies were complemented by a more
detailed analysis of the temperature dependence of the
critical current at low temperatures T < T,. Numerical
calculations carried out in Ref.!” allowed the authors to
propose an approximation formula for I,

el R, aEr D
Celtn _ (1 _ar Br=—.(1
ET @ < 6@Xp < 32T>> ) T 12 ( )

The fitting parameters o & 10.82 and 3 & 1/3 correspond
to the limit of small Thouless energy Er as compared to

accepted 20 June 2024,

published 27 July 2024

the magnitude of the order parameter A in S-electrodes.
In the opposite limit (E7 > T') the dependence I.(Er)
has the following form

el R, 32 27T\ frT

Er _3+2\/§(ET> P Er - @)

The publication of these results'” stimulated the study

of SNS-based structures aiming to experimentally deter-

mine the Thouless energy.'” 182042 Experimental stud-

ies have shown that the values of the parameter o in

the expression (1) obtained in Ref.!” are at least several

times larger than their experimental values. As a possible

reason for this discrepancy, the presence of finite trans-

parency of the SN boundaries of the studied Josephson

contacts has been hypothesized. To account for this cir-

cumstance, a renormalization of the Thouless energy was
proposed!®

ArB Gn
C+r’ GB.

B = Ep

Here, r is normalization coefficient, Gy and Gp are the
conductance of the normal wire and the SN interface,
respectively, A, B, and C' are fitting parameters. It is im-
portant to note that the authors of Ref.'® ”do not have a
good explanation of the factor 7# and the numerical value
of B” that they used to fit the data. Additionally, the
fitting coefficients A, B, and C are not universal. Even
for a set of samples differing by the distance L between
the electrodes with fixed other parameters, all these co-
efficients will be sample-dependent.

It should be noted that almost all the experimental
works cited above used the shadow mask technique to fab-
ricate SNS-based Josephson contacts. The resulting hy-
brid structures had the SN-N-NS bridge geometry shown
in figure 1. In this type of contact, the effective distance
Leg between the S-electrodes is not the geometric size
L of the weak bonding region. This region is delocal-
ized (in the other words, without rigid boundaries) and
includes the areas of the N-film under the superconduc-
tors where current injection into the superconductor takes
place. The presence of such delocalization was also quali-
tatively indicated by the experimental data. Indeed, sub-
stitution of the experimentally determined Ep into the
expression (1) gave an estimate of the size of the weak
coupling region, which is larger than L. In our opinion,
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there is a significant difference in the geometry of the SN
and SN-NS interfaces that leads to an overestimation of
the theoretical value of the Thouless energy calculated
using rigid boundary conditions at the interface of the
composite SN electrode with the N-film of the bridge.
The purpose of this article is to perform a detailed anal-
ysis of the proximity effect between the SN electrode and
the N-film of SN-N-NS bridge structures and to derive
an expression for the Thouless energy that takes into ac-
count both the finite transparency of their SN boundaries
and the delocalization of the weak link region.

Before that, it is first necessary to define what we
mean by the Thouless energy in Eq. (1) in the considered
SN-N-NS structures. According to the definition?3 46 Ep
characterizes the sensitivity of the energy state of the
system to a modification of boundary conditions. This
correlates with the existing characteristic scale of spatial
changes in the system’s parameters with its geometric
dimensions. Unfortunately, for SN-N-NS junctions the
geometric size of the weak link region cannot be strictly
determined. Moreover, a supercurrent across the junction
is expressed by the sum of the terms combined by the
Green’s function over the Matsubara frequencies, there-
fore the characteristic scale of spatial variations in the
N-film &, = (D/2w)'/? depends on the Matsubara fre-
quencies w = 7T(2n 4+ 1), where n = 0,1,2... In the
low-temperature range 7' < 7T, this sum converges at
w &~ 7T.. Thus, there is wide range of parameters (L
and &,) with some uncertainty in the choice of a single
characteristic scale for spatial changes in the structure.

There is another interpretation of the Thouless energy.
It suggests that two states whose energies differ by less
than the Thouless energy are correlated. Otherwise, they
can be considered as independent single-particle states
whose energies are not shared. In our particular case, we
are not dealing with the energy of states, but with a set of
Green’s functions which determine the supercurrent. The
difference in the nature of the spatial changes in these
functions is determined by the Matsubara frequency w =
7T(2n+ 1). Therefore, the interval at which the changes
occur is equal to 27T

In order to determine from a numerical solution of the
Usadel equations or from experimental data the temper-
ature Ty, for the transition from a sharp increase to a
smooth character of the current change with decreasing
temperature, we can introduce the Thouless energy for
our problem as Ep = 2xT7,. The Thouless energy de-
termined in this way gives us the temperature at which
the structural transitions from a discrete to an integral
representation of its properties, such as the order parame-
ter and the superconducting current (supercurrent), takes
place.

It should be emphasized that the definition of Er =
2n Ty, is absolutely equivalent to the standard definition
of Ery in Eq. (1). By introducing the Thouless energy
as described above, we can further use the relation (1) to
estimate the characteristic scale of spatial variations in
SNS structure as L = (D/2nTry)'/? = ¢ and thus find
that L coincides with £, at the first Matsubara frequency
w=7T and T = Try = E7p/2r, that is, with the maxi-

mum value among the scales . In other words, the re-
sult of the above reasoning can be reformulated as follows:
the Thouless energy is indeed defined by the expression
(1). The value of the Thouless temperature T, = Er/2m
required for processing of experimental data follows from
the equality of the geometrical size of the structure with
the maximum value of £, among the set of characteristic
scales of the problem.

Thus, according to the established rule for the Thou-
less energy Ep in the considered planar SN-N-NS struc-
tures, we have to proceed from the equality of the scale
&o to the effective geometric size of the weak coupling
region L + (,

gw = L+ 2kr(y (4)

at the first Matsubara frequency w = Ep/2. Here, (, is
the maximum value among characteristic scales of spa-
tial changes in the N-layer underneath the S-films and «
is a parameter that fixes the part of the effective coher-
ence length (, by which the effective distance between the
electrodes increases (formal definition of « is given below).
Note that at ¢, = 0 the expression (4) is transformed into
the definition (1) of Er, which was previously used to de-
scribe SNS sandwiches with rigid boundary conditions at
the SN interfaces.

To determine (,, it is sufficient to solve the problem
on the proximity effect between a semi-infinite N-film and
an extended SN electrode.

1 Proximity effect between extended SN
electrode and semi-infinite N-film

We assume that the dirty-limit conditions are satisfied
both in the superconductor and normal metal in the bridge,
its SN boundaries have finite transparency, and the thick-
ness of the N-film dy is much less than &5 = (D/27T,.)'/2.
The suppression of superconductivity in the S-film due to
the proximity effect with the N-layer is considered neg-
ligible and it is not taken into account. Under these as-
sumptions the proximity effect between the semi-infinite
SN electrode (at « > 0) and the semi-infinite N-film (at
2 < 0) can be considered in the framework of the Usadel
equations.?” It was shown®® that the Usadel equation for
the 6 function in the N-film under the S-electrode they
can be written in the form

2
gﬁ%e ~ sin(0 — 0(c0)) = 0, x>0, (5)
where
7T, sin(fs)
wypm + 7T cos(0s)

0(c0) = arctan

and
w A
N N

vBrm = YBd/én, Y8 = Rp/pnén, Rp is the specific
boundary resistance, A is the absolute value of the order

sin(fg) = (7)

cos(fg) =
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Figure 1.

a — Scanning electron microscope image of an Nb/Au-Au-Au/Nb bridge with superconducting Nb electrodes and an Au

weak link. b — Top part: three-dimensional sketch of the Josephson superconductor/normal metal/superconductor (SN-N-NS) bridge.
The sample is connected using a four-point scheme. Bottom part: side view of the Josephson SN-N-NS bridge. Wavy lines indicate the
proximized region of the N-layer under the S-electrode, and the red frame indicates the effective weak link.

parameter in the S layer, which has the BCS-like temper-
ature dependence. We conclude that

Co _ WYBM - (8)
S \/(W’}/BM)z + 2nT.wypp cos(fs) + (71'Tc)2

The Usadel equation in the N-film can be written as
follows
) 0
Swﬁﬂ—smﬁzt), x <0. (9)
The existence of the first integrals of the equations (5)
and (9)

CWEH = 2sin (W) , x>0,

o (10)

xz <0,

gwa%e:mng, (11)

2

permits to get their analytical solutions

6 = 0(c0) + 4arctan [Q exp (—?)] , x>0, (12)
0 = 4 arctan [(tan 0(;0)> exp (fi)] , x<0, (13)
where
0 —
Q = tan 2F0) —0(0)
4
The integration constants 6(+0) in Egs. (12)—(13)
sin @ &

0(£0) = 2 arctan (14)

ey 97

cos @ +g Cw

have been determined from the boundary conditions
0 0
_— = — — = — 1
8x9(+0> 8969( 0) and 6(+0)=6(-0) (15)

at SN-N interface (z = 0).

2 Thouless energy

Substitution of Eq. (8) into Eq. (4) at the first Matsubara
frequency w = Ep/2 results in

1
YBM — /=, (16)

L
— + 2K =
Y \/\/62 (Y3 +2v*v5Mm) + 1 €

where € = Ep/2nT,, v* = 1.781 is Euler’s constant. For
simplicity we replace A with its value 77T, /~v* at T < T..
In the limit eygpr > 1 Eq. (16) transforms to

2

_&

¢ = 1— 2% JBM
L? V%u + 27 vBM

Note that as ygy — oo the SN boundaries become com-
pletely non-transparent for quasiparticles in the N-region,
therefore thequasiparticle current cannot flow from the
N-film of the SNS contact into the S-electrodes. If the
length of the SN boundaries of the composite SN elec-
trodes of the SN-N-NS structure significantly exceeds (,,,
the length of the current localization region in its N-part
can be considered infinite. Therefore, in full agreement
with Eq. (1), the parameter € should tends to zero, as
vBum — 0o. From this requirement we get x = 1/2 and

(17)

2

2
e— SN [12 JBM (18)
L2 2 *
vV YeMm T 2v*vBM

Suppose further that the parameter x is independent on
v in the opposite limit eyppr < 1, then we get

B &
€= (L+&nyABM)? 19)

Figures 2a,b show the dependence of the Thouless en-
ergy Ep on the suppression parameter vg,s, calculated

using equations (16), (17), and (19), for the distances
between the electrodes SN-N-NS structures, which are
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Figure 2. a, b — Thouless energy Er versus interface parameter ygps in the SN-N-NS bridge with the distances between the electrodes
L = 5¢n (panel a) and L = 10¢y (panel b), calculated from the Eq. (16) (solid line) and from the asymptotic expressions (18) (dash-dotted
line) and (19) (dashed line), valid in the limit of eypas > 1 and eyppr <K 1, respectively.

L = 5y and L = 10¢y. The calculations show that
the approximation formula (19) coincides with the ex-
act dependence Er(vpar) calculated by the formula (16)
within the specified range of parameters for long bridges.
A noticeable discrepancy between the curves calculated
by formulas (16) and (19) only appears in the ypas > 100
limit — this scenario is not realized in the experiments in-
volving SN-N-NS structures.

At the same time, the expression (17) fits the exact
dependency Er(ypa) rather poorly. The reason is that
the condition eypps > 1 is not fulfilled even in the region
of large vgps. This is due to the fact that € decreases
much faster than Wg]lw. The difference between the exact
solution (16) and that resulting from asymptotic expres-
sion (17) becomes more obvious as L/{y increases.

It is easy to see that when L > &{n./yBm the ex-
pression (16) is reduced to Eq. (1). Physically, this limit
is equivalent to the fulfillment of rigid boundary condi-
tions at the N boundaries of the bridging film with its
NS electrodes. In this limit, as in the SNS sandwiches
investigated in Ref.!” the rigid boundary conditions do
not impose any additional characteristic lengths charac-
terizing the spatial variations of parameters in the N film
of SNS or SN-N-NS structures. The weak coupling region
turns out to be a “closed” system, characterized only by
its intrinsic parameters, such as the diffusion coefficient
D. The Thouless energy (1) was introduced precisely for
such “closed” systems.

Going beyond the rigid boundary conditions, such as
considering the finite transparency of SN boundaries in
SNS sandwiches or the delocalization of the weak cou-
pling region in the studied SN-N-NS structures, violates
the closure condition. Additional scales appear in the
problems determined by the suppression parameter yg in
SNS sandwiches or ygas in SN-N-NS structures. There-
fore, in SN-N-NS bridges in accordance with the for-
mula (16) at L < &n/vpum the diffusion coefficient no
longer characterizes the system and the Thouless energy
Er = 7T./vpum in the first approximation is determined
only by the parameter ygas, i.e., by the properties of the
SN boundaries.

The proposed implicit definition (16) of Er is a com-
promise solution, considering both the internal parame-
ters of the N-metal in the weak coupling region and the
peculiarities of induced superconducting correlations in
in the N-metal.

3 Calculation of a supercurrent across
SN-N-NS junction

The dependence of the superconducting current density
I on the phase difference of the order parameters of the
superconducting electrodes ¢ in the SN-N-NS junctions
has been previously calculated by numerically in Ref.19
for arbitrary values of ygp; and L/€y. Just as in the
approach we used earlier in Section II, the suppression
of superconductivity in the S-film was not taken into ac-
count in Ref.? For computational convenience, the Usadel
equations were written in the ® representation (the origin
of the Oz axis is placed in the center of the structure)

0 0P
fgff% (G28x) —®=-6, z>L/2 (20)
0

0P
— 277 ) _ — < < R
(G ) QGP =0, 0<ax<L/2 (21)

2 YBM

. 5 GsAexplip/2)
= GGt Q)

Go o) 22

2
I() TC >0 Q Ox Ox

0 2

I _ 27T Z G* (Im@ ORe® Re® 6Im‘1)> - (23)
Here, ® and G = Q/(Q? + ®®*)'/2 are Usadel Green’s
functions, the Matsubara frequencies Q = (2n + 1)T/T,
are normalized on 77T,, the z-coordinate is normalized on
én, and Iy = T./e&,pn, where py is residual resistivity
of the N-film. The modulus of the order parameter in the
S-electrode A has the BCS-like temperature dependence
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and it is normalized on 7T¢; /2 is the phase of the order
parameter for the right electrode (z 2 L/2).

Equations (20) and (21) should be supplemented by
appropriate boundary conditions. At x = 0 these condi-
tions follow from the symmetry of the considered problem

ORe ®
ox
At alarge distance from the N-NS boundary, the function
® converges to a solution that is independent of x

o = 4.

=0 and Im®=0.

(24)

(25)

Figures 3a,b show the I.(7') dependences calculated
for L = 5¢y and for various interface parameters gy,
ranging from 0.01 to 100. For convenience, they are pre-
sented in linear and logarithmic scales. The points on
these curves (o) correspond to the halfed Thouless en-
ergy (T'/T. = Er/2). The Ep values are calculated for
L = 5¢y and various gy using Eq. (19). These fig-
ures clearly show that in the vicinity of E7/2 the slope of
the dependences I.(T) changes, i.e., there is a transition
from a smooth to a sharp temperature drop of I.(T') with
increasing temperature (see figures 3a,b).

In addition to the temperature T' = Ep/2, two other
characteristic temperature values can be noted. They
are T = Try, = Er /27 marked with squares and T'= Er
marked with triangles on the temperature dependences
of the first derivative of the critical current with respect
to temperature (see figures 3c-f). Figures 3d,f clearly
show that for L = 5&x and gy = 0.01 the Thouless
temperature is Try, ~ 0.047,.. The increase of the pa-
rameter vy, is accompanied by a shift of the values of
this temperature towards T' = 0, so that at vygy = 2,
the value of T, turns out to be equal to ~ 0.0257,.. At
T = T7p, and below the critical current reaches satura-
tion. So the first derivative dI./dT is zero at T < Trp,.
From the presented in figures 3d.f dependences it also
follows that there are two extra points to be mentioned.
At T =~ Ep and vyppy < 5 the local minimum of the
derivative is reached. At T &~ Ep/2 an inflection point
of dI./dT appears for vpps < 5. Qualitatively, this point
corresponds to the transition area between the saturation
region and decreasing part of I.(T) dependence. These
reference points at T'= Ep/2 and T = Er can be use-
ful when values of T' = T7y, are difficult to achieve due
to limitations on the temperature range allowed for mea-
surements. In the limit ypas > 5 the effective impact of
boundaries increases and the positions of the considered
points T =~ Er/2 and T ~ Er are shifted.

Note that in the limit of a small critical current the
boundary value problem (20)-(25) may also have an ana-
lytical solution. This limit is realized in the case when it is
possible to neglect the suppression of anomalous Green’s
functions induced in the N-film by the current flowing
through it.

4 Critical current of the long SN-N-NS bridge

In the L > ¢ limit, the superconducting state near the
center of the bridge can be described by the superposi-

tion of anomalous Green’s functions (13)—(14) penetrat-
ing from the superconducting banks into the bridge (see
Refs.16:49,50)

% = tan [9 <:c - S)} ety
tan {9 (a: - é’ﬂ T, (26)

where 6(z) is the solutions of the proximity problem (12)—
(14). By substituting this solution of the Usadel equa-
tions into the expression for the supercurrent [see Eq. (23)]
we arrived at a sinusoidal dependence of the supercurrent
on the phase difference ¢ with a critical current density
equals to

. 0(c0)
I. 1287T 1 ——
== i g tan? | = arctan 812(72 e .
Io . 4 2 cos —go) +g
(27)

In the considered approximation (L > &) the critical
current value is determined by the first term in the sum
in Eq. (27):

. 0(oc0)
I 128#T 1 sin 2620\
“e = 25T tan? farctanil(if e, (28)
Io T, 2 cos =52 + g

where 6(0c0) is determined by Eq. (6) with n = 0, that
is w = wT. The expression (28) is an analog of the for-
mula (2) derived in Ref.'® for SNS structures with rigid
boundary conditions at the SN boundaries. Unlike from
Eq. (2), the expression (28) takes into account both the
finite transparency of the SN boundaries and the delocal-
ization of the weak-link region.

Note that the expression (27) is also valid in the limit
of large yppr > 1, if the distance L between the SN
electrode is not too small, so that the sum in Eq. (27)
converges at

T, L
w < T2 max {1,] .
YBM éN

5 Comparison with experimental data

(29)

Theoretical results given above explain how T, can be
determined on the basis of the available (calculated or
experimentally obtained) I.(T") dependence. Then using
the formula (19) one can find such an important param-
eter for practical applications as the effective geometric
size of the SN-N-NS Josephson contacts

Leg = L+ E&n\/YBM-

Note that Eq. (30) is a direct consequence of Eq. (19)
and is valid up to vgps = 100, as it can be observed from
the comparison of the exact (16) and asymptotic (19)
solutions for Er in figure 2.

Our experimental study of a supercurrent transport
across Nb/Cu-Cu-Cu/Nb3* and Nb/Au-Au-Au/Nb39 4!
bridges has shown that the shape of the exponentially-
decreasing dependences of I.(T) in a wide temperature

(30)
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Figure 3. a, b — Temperature dependences of the critical current density I. of the SN-N-NS bridge with L = 5¢ calculated numerically
for different interface parameters ygps in linear (panel a) and logarithmic (panel b) scales. c-f — Temperature dependences of the first
e
The squares, points, and triangles on each of the calculated curves show the temperature values corresponding to Er/(2w), Er/2, and Er,
respectively. The values of Ep were calculated using the expression (19) for each combination of vgs and €y parameters. Panels e and f
are enlarged versions of panels ¢ and d in the low-temperature region.

derivative of the critical current density

for the same parameters in linear (panel ¢) and logarithmic (panel d) scales, respectively.

range closely resembles that shown in figure 3. At ygas <5
and large values of L 2 4€y there is the transition at T =~
T.(éx/L)? from a sharp rise of I.(T) to a smoother satu-
ration at T' < T, as temperature decreases. At ygys 25
and small values of L < 4&x the change in the slope of
the I.(T') dependence takes place at T' =~ T./vBas-

In figure 4a we show the most recent experimental
data for the Nb/Au-Au-Au/Nb Josephson bridge with a

diffusive Au stripe operating as weak link. This struc-
ture was fabricated by magnetron sputtering and lift-off
lithography. Further information concerning the fabrica-
tion process can be found in Refs.?*415! The approx-
imate distance between the SN electrodes can be esti-
mated as L ~ 160nm based on the scanning electron
microscopy (see figure 1b). The thicknesses of niobium
and gold layers are equal approximately 70 nm and 32 nm,
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Figure 4. a — Temperature dependence of the critical current

I1.(T) for the NbAu-Au-AuNDb bridge with the length of the weak
link L = 160 nm (black circles) and numerical fits in the framework
of the model (20)-(25) calculated at £y = 23 nm and vyppr = 0.12
(red line). The red dot marks the temperatures corresponding to
the halfed Thouless energy E7/2. The inset shows the derivative
dI.(T)/dT of the interpolated experimental (black solid line) and
model (red dashed line) I.(T") dependencies. b — The least-squares
residual between the experimental data and the model fits in the
vyBMm — & plane of the parameters.

respectively.

To compare the experimental data presented in fig-
ure 4a with the results of the theoretical calculations, we
construct a map which shows the dependence of the stan-
dard deviation between the experimental data and calcu-
lated dependence. The least-squares calculation of the
standard deviation of the theoretical values of the critical
current from the experimentally obtained points is shown
in figure 4b. This procedure results in a detection of a
valley on the ypas — € diagram where the experimental
points agree quite well with the theoretical calculation. It
can be seen that the presence of two free parameters vp s
and £ does not lead to unique fitted solution. For differ-
ent sets of g and £ the formula (19) gives different Er
values.

It should be noted that for the considered case the
expression (19) allows us to specify the range of param-
eters in which it is worthwhile to search for a solution
of the system at sufficiently large effective bridge lengths

L 2 5¢ and transparent interfaces vy < 1. As an ex-
ample, in figure 4a we have shown one of possible approx-
imation of the experimental dependence I.(T") with the
solution of the Usadel equations obtained for &y = 23
nm (L/ény =~ 7) and vy = 0.12 (red line). A large
red dot on this graph marks the temperature T =~ 0.5 K,
which corresponds to Er/2 [see Eq. (19)]. The inset in
figure 4a shows the derivative of the theoretical dI./dT
dependence (red dashed line) and the interpolation curve
obtained for the experimental points. The red triangle
also marks the point where the temperature T~ 1K co-
incides with the value corresponding to Ep. It is located
near the minimum of the derivative dI./dT.

It should be emphasized that according to Eq. (30) for
L/¢n = T and vpp = 0.12 the effective size of the struc-
ture Leg ~ 7.3y is actually determined by the distance
between the electrodes L. In this case, the features of the
shape of the dependence I.(T') are due to the transition
from exponential to power laws of growth of I. with de-
creasing temperature. As it can be illustrated in figure 3,
the position of these features correlates quite well with
Trp. For shorter bridges (L < 3€) the I.(T) dependences
are smoother and the bending of the curves dI.(T)/dT at
T = Er/2 are not as clear as for large L values. Also, in
these case the interface parameter yg); increases result-
ing in a change of the shape of the I.(T') dependence.

Thus, we have shown that the expression (19) can
be used to determine the range of parameters in which
the optimal approximation of the experimental results
should be sought. For a more unambiguous extraction of
the structural parameters from the experimental depen-
dence I.(T), it is necessary to approximate several sam-
ples simultaneously with different lengths between the
electrodes L, as done in Refs.>»*! and use additional
data p, and yp extracted from the temperature depen-
dence of the normal-state resistance at T' > T,.. This
approach allows one to significantly reduce the range of
parameters for the best fitting by the microscopic model.
However, it requires a complete construction of the pa-
rameter map, which is a rather time-consuming.

We demonstrate that the theoretical curve fits the ex-
perimental data well at T' < 4K. The observed discrep-
ancy between the theoretical predictions and the exper-
imental data at higher temperatures (T' 2 4K) may be
due to the following reasons.

Possible difference in the critical temperature of the
region of the S layer adjacent to the N-film T,; compared
to the measured T, of the bulk S electrode, as well as co-
ordinate dependence of T,;. Another factor could be an
inhomogeneity of the transparency of the NS boundaries,
caused both by mechanical stresses at the NS interfaces,
and their roughness. All these factors lead to the appear-
ance of inhomogeneous island-type superconductivity in
the N-layer which is more pronounced at 7' — T, i.e., to
the appearance of the dependence §(z) in Eq. (22), which
was not considered in the developed theory.

It should be noted that such a successful coincidence
of the Thouless energy values found from the numerically
calculated dependences I.(T) and ones based on expres-
sion (19) does not mean that the Er values determined
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from the shape of the experimental curves I.(T) will lead
to the same Leg value determined by Eq. (30). A devia-
tion of the experimentally determined L.g value and the
effective length defined by Eq. (30) may be due to the
fact that some constrains controlling the applicability of
the considered one-dimensional SN-N-NS contact are not
realized experimentally.

Such restrictions include:

1. The smallness of the N-layer thickness compared to
the decay length £x. When using low-resistivity normal
metals (Al, Au, Ag), the closeness of d to £ can lead par-
tial suppression of superconductivity in the S-layer near
the SN boundary.®% %3

d Ps§s<0

Ev pN EN T 3, (81)

where pg and £g are normal-state resistivity and coher-
ence length of the S-film. Going beyond the one-dimensio-
nal approximation, the temperature Ty, actually decreases
as d increases.”® This automatically leads to an increase
in the effective size of the SN-N-NS structure with respect
to the Leg value defined by expression (30).

2. The boundary condition (25) states that the cur-
rent flowing through the N-layer of the SN composite
electrode is negligible compared to the current that has
entered the S-layer of the electrode, i.e.

d
4 Ps o (14 vBar)?,

32
ds pn (32)

where dg is the thickness of the S-film. A violation of
this constraint should lead to the appearance of the de-
pendence of the phase difference ¢ on the z-coordinate
(see also the discussion in point 4 below).

3. At any point of the SN boundary, the density of the
supercurrent injected from the normal metal through this
interface into the S-layer should be less than the critical
current density controlled by the finite transparency of
this boundary, 7. e.

d
1+ ypy > — max FN 1] . (33)

¢ L
4. The final constrain arises from the assumption that
the phase difference ¢ appearing in Egs. (20) and (22)
is independent of the z-coordinate. This assumption is
valid for > L/2. Away from the N-NS boundary, the
superconducting current is uniformly distributed across
the thickness of the NS electrode. The current flows along
the Oz direction, so the current lines do not cross the NS
boundary. As a result, at « > L/2 the phase of the order
parameter in each cross sections of the NS electrode turns
out to be equal to the phase of the anomalous Green’s
functions in both N and S-layers, and the ¢(z) function
turns out to be a value independent of z (see Ref.!! for
details).

Conclusion

Thus, through analytical evaluations and numerical cal-
culations, we have shown that the Thouless energy in
Josephson SN-N-NS bridges strongly depends on the re-
sistance of the SN interface. The Thouless energy de-
creases by several times as this resistance increases com-
pared to the SNS sandwich-type contact. We have also
specified the range of validity of our analytical results,
thus providing the possible explanations for the deviation
of the experimentally obtained L.y from our analytical
result (30).

The Thouless energy cannot be measured directly. In-
stead, the Thouless temperature can be determined by
analyzing the shape characteristics of experimentally ob-
tained I.(T") dependences. Thouless temperature can be
defined as the temperature corresponding to the satura-
tion of the I.(T) dependence at low temperatures and
vanishing of the first derivative dI./dT. The use of this
method for the experimental determination of Ty re-
quires measurements at rather low temperatures, which
causes additional difficulties in finding T7n. We have
shown that the transition from the study of the depen-
dence I.(T) to the determination of peculiar points on
the temperature dependences of dI.(T)/dT located at
T ~ Er/2 and T =~ Er allows us to estimate the Ep
value in the range of temperatures more convenient for
measurements.

Our numerical calculations carried out in the frame-
work of the one-dimensional SN-N-NS model of the Joseph-
son SN-N-NS structure have shown that there is a rela-
tionship between the value of the Thouless energy Ep =
2nTry, determined in this way and the effective geomet-
rical size of the structure Leg [see Eq. (30)] included in
formula (19). The estimate of Leg obtained in this way is
important in determining the limitations to miniaturiza-
tion of the size of superconductor devices for processing
analog and digital signals. It also provides additional
information on the relationship between important tech-
nological parameters such as the NS electrode spacing L,
decay length &5, and the parameter ygas, which charac-
terizes the transparency of NS boundaries.

Acknowledgements

We are grateful to A.I.Zaikin and A. A. Golubov for the
discussion of the results obtained. A.N. thanks the sup-
port of the Foundation for the Development of Theoreti-
cal Physics and Mathematics "BASIS”. The authors are
grateful to MIPT Collective Use Center for providing fa-
cilities for samples fabrication. The experiments were
carried out with the support of the Russian Science Foun-
dation, Grant No. 23-72-30004.

Contact information

Corresponding author: Sergey V. Bakurskiy, orcid.org/
0000-0002-6010-6697, e-mail r3zzQmail.ru.

https://doi.org/10.64214 /jmsn.01.01003

01003-8

Bakurskiy et al., Mesoscience & Nanotechnology,
volume 1, issue 1, 01003 (2024)


https://rscf.ru/project/23-72-30004/

Competing Interests

The authors declare no competing financial or non-financial

interests.

References

1]

[10]

[11]

[12]

[13]

[14]

Kupriyanov M. Y., Brinkman A., Golubov A. A., Siegel
M., Rogalla H. Double-barrier Josephson structures as
the novel elements for superconducting large-scale inte-
grated circuits. Physica C, vol. 326, 16-45 (1999).
Holmes D. S., Ripple A. L., Manheimer M. A. Energy-
Efficient Superconducting Computing-Power Budgets
and Requirements. IEEE Trans. Appl. Supercond, vol.
23, 1701610 (2013).

Shelly C. D, See P., Ireland J., Romans E. J., Williams,
J. M. Weak link nanobridges as single flux quantum ele-
ments. Supercond. Sci. Technol., vol. 30, 095013 (2017).

Tolpygo S. K. Superconductor Digital Electronics: Scal-
ability and Energy Efficiency Issues. Low Temp. Phys.,
vol. 42, 361-379 (2016).

Semenov V. K., Polyakov Y. A., Tolpygo S. K. Very large
scale integration of Josephson-junction-based supercon-
ductor random access memories. IEEE Trans. Appl. Su-
percond, vol. 29, 1302809 (2019).

Collins J. A., Rose C. S., Casaburi A. Superconduct-
ing Nb Nanobridges for Reduced Footprint and Efficient
Next-Generation Electronics. IEEE Trans. Appl. Super-
cond, vol. 33, 1800208 (2023).

Thompson M. L., Castellanos-Beltran M., Hopkins P. F.,
Dresselhaus P. D.; Benz S. P. Effects of Nonsinusoidal
Current Phase Relationships on Single Flux Quantum
Circuits. IEEE Trans. Appl. Supercond, vol. 33, 1300205
(2022).

Tolpygo S. K., Rastogi R., Weir T., Golden E. B.,
Bolkhovsky V. Development of Self-Shunted Joseph-
son Junctions For a Ten-Superconductor-Layer Fab-
rication Process: ~ Nb/NbN,/Nb Junctions. arXiv
preprint:2312.13475 (2023).

Tolpygo S. K., Rastogi R., Weir T., Golden E. B.,
Bolkhovsky V. Development of Self-Shunted Josephson
Junctions for a Ten-Superconductor-Layer Fabrication
Process: Nb/NbN,/Nb Junctions. IEEE Trans. Appl.
Supercond, vol. 34, 1101008 (2024).

Soloviev . 1., Bakurskiy S. V., Ruzhickiy V. I., Klenov N.
V., Kupriyanov M. Yu., Golubov A. A.; Skryabina O. V.,
Stolyarov V. S. Miniaturization of Josephson junctions
for digital superconducting circuits. Phys. Rev. Appl.,
vol. 16, 044060 (2021).

Ruzhickiy V., Bakurskiy S., Kupriyanov M., Klenov N.,
Soloviev 1., Stolyarov V., Golubov A. Contribution of
Processes in SN Electrodes to the Transport Properties of
SN-N-NS Josephson Junctions. Nanomaterials, vol. 13,
1873 (2023).

Likharev K. K. Superconducting weak links. Rev. Mod.
Phys., vol. 51, 101 (1979).

Golubov A. A., Kupriyanov M. Yu., II'ichev E. The
current-phase relation in Josephson junctions. Rev. Mod.
Phys., vol. 76, 411 (2004).

Likharev K. K. Sov. Tech. Phys. Lett., vol. 2, 12-13
(1976).

(15]

[16]

(17]

18]

(19]

[20]

(21]

22]

23]

24]

(25]

[26]

27]

(28]

29]

(30]

(31]

Ivanov Z. G., Kupriyanov M. Y., Likharev K. K., Meri-
akri S. V., Snigirev, O. V. Boundary-conditions for the
Usadel and Eilenberger equations, and properties of dirty
SNS sandwich-type junctions. Sov. J. Low. Temp. Phys.,
vol. 7, 274-281 (1981).

Zaikin A., Zharkov G. Sov. J. Low Temp. Phys., vol. 7,
184-185 (1981).

Dubos P., Courtois H., Pannetier B., Wilhelm F. K.,
Zaikin A. D., Schén G. Josephson critical current in a
long mesoscopic SNS junction. Phys. Rev. B, vol. 63,
064502 (2001).

Hammer J. C., Cuevas J. C., Bergeret F. S., Belzig, W.
Density of states and supercurrent in diffusive SNS junc-
tions: Roles of nonideal interfaces and spin-flip scatter-
ing. Phys. Rev. B, vol. 76, 064514 (2007).

Marychev P. M., Vodolazov D. Yu. A Josephson junc-
tion based on a highly disordered superconductor/low-
resistivity normal metal bilayer. Beilstein J. Nanotech-
nol., vol. 11, 858-865 (2020).

Giazotto F., Heikkila T. T., Luukanen A., Savin A. M.,
Pekola J. P. Opportunities for mesoscopics in thermom-
etry and refrigeration: Physics and applications. Rev.
Mod. Phys., vol. 78, 217 (2006).

Angers L., Chiodi F., Montambaux G., Ferrier M.,
Guéron S., Bouchiat H., Cuevas J. C. Proximity dc squids
in the long-junction limit. Phys. Rev. B., vol. 77, 165408
(2008).

Courtois H., Meschke M., Peltonen J. T., Pekola J. P.
Origin of hysteresis in a proximity Josephson junction.
Phys. Rev. Lett., vol. 101, 067002 (2008).

Carillo F., Born D., Pellegrini V., Tafuri F., Biasiol G.,
Sorba L., Beltram F. Relevant energy scale in hybrid
mesoscopic Josephson junctions. Phys. Rev. B, vol. 78,
052506 (2008).

Garcia C. P., Giazotto F. Josephson current in nanofab-
ricated V/Cu/V mesoscopic junctions. Appl. Phys. Lett.,
vol. 94, 132508 (2009).

Giazotto F., Peltonen J. T., Meschke M., Pekola J. P.
Superconducting quantum interference proximity tran-
sistor. Nature Phys., vol. 6, 254-259 (2010).
Frielinghaus R., Batov I. E., Weides M., Kohlstedt H.,
Calarco R., Schéapers Th. Josephson supercurrent in
Nb/InN-nanowire/Nb junctions. Appl. Phys. Lett., vol.
96, 132504 (2010).

Jung M., Noh H., Doh Y.-J., Song W., Chong Y., Choi
M.-S., Yoo Y., Seo K., Kim N.;, Woo B.-C.; Kim B.,
Kim J. Superconducting junction of a single-crystalline
Au nanowire for an ideal Josephson device. ACS Nano,
vol. 5, 2271-2276 (2011).

Golikova T. E.; Hubler F., Beckmann D., Klenov N.
V., Bakurskiy S. V., Kupriyanov M. Yu., Batov I. E.,
Ryazanov V. V. Critical current in planar SNS Joseph-
son junctions. JETP Lett., vol. 96, 668-673 (2012).
Golikova T. E., Wolf M. J., Beckmann D., Batov I. E.,
Bobkova I. V., Bobkov A. M., Ryazanov, V. V. Nonlocal
supercurrent in mesoscopic multiterminal SNS Josephson
Jjunction in the low-temperature limit. Phys. Rev. B, vol.
89, 104507 (2014).

Pekola J. P. Towards quantum thermodynamics in elec-
tronic circuits. Nature Phys., vol. 11, 118-123 (2015).
Paajaste J., Amado M., Roddaro S., Bergeret F. S.,
Ercolani D., Sorba L., Giazotto F. Pb/InAs nanowire
Josephson junction with high critical current and mag-
netic flux focusing. Nano Lett., vol. 15, 1803-1808 (2015).

https://doi.org/10.64214 /jmsn.01.01003

01003-9

Bakurskiy et al., Mesoscience & Nanotechnology,
volume 1, issue 1, 01003 (2024)


https://doi.org/10.1016/S0921-4534(99)00408-6
https://doi.org/10.1109/TASC.2013.2244634
https://doi.org/10.1109/TASC.2013.2244634
https://doi.org/10.1088/1361-6668/aa80cd
https://doi.org/10.1063/1.4948618
https://doi.org/10.1063/1.4948618
https://doi.org/10.1109/TASC.2019.2904971
https://doi.org/10.1109/TASC.2019.2904971
https://doi.org/10.1109/TASC.2022.3218895
https://doi.org/10.1109/TASC.2022.3218895
https://doi.org/10.1109/TASC.2022.3223853
https://doi.org/10.1109/TASC.2022.3223853
https://arxiv.org/abs/2312.13475
https://arxiv.org/abs/2312.13475
https://doi.org/10.1109/TASC.2024.3364128
https://doi.org/10.1109/TASC.2024.3364128
https://doi.org/10.1103/PhysRevApplied.16.044060
https://doi.org/10.1103/PhysRevApplied.16.044060
https://doi.org/10.3390/nano13121873
https://doi.org/10.3390/nano13121873
https://doi.org/10.1103/RevModPhys.51.101
https://doi.org/10.1103/RevModPhys.51.101
https://doi.org/10.1103/RevModPhys.76.411
https://doi.org/10.1103/RevModPhys.76.411
https://doi.org/10.1103/PhysRevB.63.064502
https://doi.org/10.1103/PhysRevB.63.064502
https://doi.org/10.1103/PhysRevB.76.064514
https://doi.org/10.3762/bjnano.11.71
https://doi.org/10.3762/bjnano.11.71
https://doi.org/10.1103/RevModPhys.78.217
https://doi.org/10.1103/RevModPhys.78.217
https://doi.org/10.1103/PhysRevB.77.165408
https://doi.org/10.1103/PhysRevB.77.165408
https://doi.org/10.1103/PhysRevLett.101.067002
https://doi.org/10.1103/PhysRevB.78.052506
https://doi.org/10.1103/PhysRevB.78.052506
https://doi.org/10.1063/1.3114522
https://doi.org/10.1063/1.3114522
https://doi.org/10.1038/nphys1537
https://doi.org/10.1063/1.3377897
https://doi.org/10.1063/1.3377897
https://doi.org/10.1021/nn1035679
https://doi.org/10.1021/nn1035679
https://doi.org/10.1134/S0021364012220043
https://doi.org/10.1103/PhysRevB.89.104507
https://doi.org/10.1103/PhysRevB.89.104507
https://doi.org/10.1038/nphys3169
https://doi.org/10.1021/nl504544s

32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

De Cecco A., Le Calvez K., Sacépé B., Winkelmann C.
B., Courtois H. Interplay between electron overheating
and ac Josephson effect. Phys. Rev. B, vol. 93, 180505
(2016).

Jabdaraghi R. N., Peltonen J. T., Saira O.-P., Pekola J.
P. Low-temperature characterization of Nb-Cu-Nb weak
links with Ar ion-cleaned interfaces. Appl. Phys. Lett.,
vol. 108, 042604 (2016).

Skryabina O. V., Egorov S. V., Goncharova A. S., Kli-
menko A. A., Kozlov S. N., Ryazanov V. V., Bakurskiy
S. V., Kupriyanov M. Yu., Golubov A. A., Napolskii
K. S., Stolyarov V. S. Josephson coupling across a long
single-crystalline Cu nanowire. Appl. Phys. Lett., vol.
110, 222605 (2017).

Kim B.-K., Kim H.-S., Yang Y., Peng X., Yu D., Doh
Y.-J. Strong superconducting proximity effects in PbS
semiconductor nanowires. ACS Nano, vol. 11, 221-226
(2017).

Shishkin A. G., Skryabina O. V., Gurtovoi V. L., Dizhur
S. E., Faley M. 1., Golubov A. A.; Stolyarov V. S. Planar
MoRe-based direct current nanoSQUID. Supercond. Sci.
Technol., vol. 33, 065005 (2020).

Zhang J., Jalil A. R., Tse P.-L., Kolzer J., Rosen-
bach D., Valencia H., Luysberg M., Mikulics M.,
Panaitov G., Griitzmacher D., Hu Z., Lu J. G,
Schépers Th. Proximity-Effect-Induced Superconduc-
tivity in Nb/SbsTes-Nanoribbon/Nb Junctions. Ann.
Phys., vol. 532, 2000273 (2020).

Murani A., Sengupta S., Kasumov A., Deblock R., Celle
C., Simonato J. P., Bouchiat H., Guéron S. Long-to
short-junction crossover and field-reentrant critical cur-
rent in Al/Ag-nanowires/Al Josephson junctions. Phys.
Rev. B, vol. 102, 214506 (2020).

Skryabina O. V., Bakurskiy S. V., Shishkin A. G., Kli-
menko A. A., Napolskii K. S., Klenov N. V., Soloviev
I. 1., Ryazanov V. V., Golubov A. A., Roditchev
D., Kupriyanov M. Yu., Stolyarov V. S. Environment-
induced overheating phenomena in Au-nanowire based
Josephson junctions. Sci. Rep., vol. 11, 15274 (2021).

Golod T., Hovhannisyan R. A., Kapran O. M., Dremov
V. V., Stolyarov V. S., Krasnov V. M. Reconfigurable
Josephson phase shifter. Nano Lett., vol. 21, 5240-5246
(2021).

Sotnichuk S. V., Skryabina O. V., Shishkin A. G,
Bakurskiy S. V., Kupriyanov M. Yu., Stolyarov V. S.,
Napolskii K. S. Long Single Au Nanowires in Nb/Au/Nb
Josephson Junctions: Implications for Superconducting
Microelectronics. ACS Applied Nano Materials, vol. 11,
17059-17066 (2022).

42]

(43]

[44]
(45]

[46]

(47]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

Babich I., Kudriashov A., Baranov D., Stolyarov V.
S. Limitations of the Current—Phase Relation Measure-
ments by an Asymmetric dc-SQUID. Nano Lett., vol. 23,
6713-6719 (2023).

Edwards J. T., Thouless D. J. Numerical studies of lo-
calization in disordered systems. J. Phys. C: Solid State
Phys., vol. 5, 807 (1972).

Thouless D. J. Maximum Metallic Resistance in Thin
Wires. Phys. Rev. Lett., vol. 39, 1167-1169 (1977).

Thouless D. J. Electrons in disordered systems and the
theory of localization. Phys. Rep., vol. 13, 93-142 (1974).

Altland A., Gefen Y., Montambaux G. What is the Thou-
less Energy for Ballistic Systems? Phys. Rev. Lett., vol.
76, 1130-1133 (1996).

Usadel K. D. Generalized diffusion equation for super-
conducting alloys. Phys. Rev. Lett., vol. 25, 507 (1970).

Golubov A. A., Kupriyanov M. Y., Siegel, M. Density of
states anomalies in hybrid superconductor-ferromagnet-
normal metal structures. JETP Lett., vol. 81, 180-184
(2005).

Likharev K. K., Takobson L. A. Steady-state properties of
superconducting bridges. Sov. Phys. — Tech. Phys., vol.
20, 950 (1975).

Kupriyanov M. Yu., Lukichev V. F. The influence of the
proximity effect in the electrodes on the stationary prop-
erties of S—-N-S Josephson structures. Sov. J. Low Temp.
Phys., vol. 8, 526-529 (1982).

Fabrication process details along with the full experiman-
tal data for these series of the junctions will be publushed
elsewhere soon.

Kupriyanov M. Yu., Lukichev V. F., Orlikovskii A. A.
Stationary properties of quasi-two-dimensional joseph-
son weak links. Sov. Microelectronics, vol. 15, 185-189
(1986).

Baryshev Y. P., Vasil’'ev A. G., Dmitriyev A. A.,
Kupriyanov M. Y., Lukichev V. F., Luk’yanova I. Y.,
Sokolova 1. S. Theoretical and experimental study of
the josephson effect in submicron SN-N-NS structures.
Lithography in microelectronics, vol. 8, 187-197 (1989).
Bosboom V., Van der Vegt J. J. W., Kupriyanov M.
Yu., Golubov A. A. Selfconsistent 3D model of SN-N-

NS Josephson junctions. Supercond. Sci. Technol., vol.
34, 115022 (2021).

Editor’s note: We invite readers to explore the philosophy

of the Journal [V. Stolyarov, Mesosci. Nanotechnol., vol. 1,
01001 (2023)] and consider the possibility of submitting their
contributions for publication in our Journal.

https://doi.org/10.64214 /jmsn.01.01003

01003-10

Bakurskiy et al., Mesoscience & Nanotechnology,
volume 1, issue 1, 01003 (2024)


https://doi.org/10.1103/PhysRevB.93.180505
https://doi.org/10.1103/PhysRevB.93.180505
https://doi.org/10.1063/1.4940979
https://doi.org/10.1063/1.4940979
https://doi.org/10.1063/1.4984605
https://doi.org/10.1063/1.4984605
https://doi.org/10.1021/acsnano.6b04774
https://doi.org/10.1021/acsnano.6b04774
https://doi.org/10.1088/1361-6668/ab877c
https://doi.org/10.1088/1361-6668/ab877c
https://doi.org/10.1002/andp.202000273
https://doi.org/10.1002/andp.202000273
https://doi.org/10.1103/PhysRevB.102.214506
https://doi.org/10.1103/PhysRevB.102.214506
https://doi.org/10.1038/s41598-021-94720-5
https://doi.org/10.1021/acs.nanolett.1c01366
https://doi.org/10.1021/acs.nanolett.1c01366
https://doi.org/10.1021/acsanm.2c03837
https://doi.org/10.1021/acsanm.2c03837
https://doi.org/10.1021/acs.nanolett.3c01970
https://doi.org/10.1021/acs.nanolett.3c01970
https://doi.org/10.1088/0022-3719/5/8/007
https://doi.org/10.1088/0022-3719/5/8/007
https://doi.org/10.1103/PhysRevLett.39.1167
https://doi.org/10.1016/0370-1573(74)90029-5
https://doi.org/10.1103/PhysRevLett.76.1130
https://doi.org/10.1103/PhysRevLett.76.1130
https://doi.org/10.1103/PhysRevLett.25.507
https://doi.org/10.1134/1.1914877
https://doi.org/10.1134/1.1914877
https://doi.org/10.1088/1361-6668/ac2d79
https://doi.org/10.1088/1361-6668/ac2d79
https://doi.org/10.64214/jmsn.01.01001
https://doi.org/10.64214/jmsn.01.01001

Nanotechnalo
@ Science DOI: 10.64214/jmsn.01.01004 [T

LS 2

>

Yot Crosref

Néel proximity effect
in superconductor/antiferromagnet heterostructures

I.V.Bobkova,!” G.A.Bobkov,!” V.M. Gordeeva,! ™ A. M. Bobkov!

1 Center for Advanced Mesoscience and Nanotechnology, Moscow Institute of Physics and Technology,
Dolgoprudny 141700, Russia

submitted 13 February 2024, accepted 16 July 2024, published 13 August 2024

I t is well-known that the cornerstone of the proximity effect in superconductor/ferromagnet heterostructures is

a generation of triplet Cooper pairs from singlet Cooper pairs inherent in a conventional superconductor. This
proximity effect brought a lot of new exciting physics and gave a powerful impulse to development of superconduct-
ing spintronics. Nowadays a new direction of spintronics is actively developing, which is based on antiferromagnets
and their heterostructures. It is called antiferromagnetic spintronics. By analogy with an important role played
by triplet Cooper pairs in conventional superconducting spintronics based on ferromagnets the question arises:
does the triplet proximity effect exist in superconductor/antiferromagnet heterostructures and, if so, what are the
properties of the induced triplet correlations and the prospects for use in superconducting spintronics? Recent
theoretical findings predict that despite the absence of a net magnetization, the Néel magnetic order of the
antiferromagnet does give rise to specific spin-triplet correlations at superconductor/antiferromagnet interfaces.
They were called Néel triplet correlations. The goal of this review is to discuss the current understanding of the
fundamental physics of these Néel triplet correlations and their physical manifestations.
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1 Introduction

Superconducting proximity effect in mesoscopic hetero-
structures composed of conventional superconductors and
normal, that is nonsuperconducting and nonmagnetic,
metals (S/N heterostructures) is a penetration of Cooper
pairs from a superconductor into an adjacent nonsuper-
conducting material with partial suppression of the super-
conducting order parameter in the superconductor near
the interface. Conventional superconductors are formed
by spin-singlet Cooper pairs''? and, therefore, they in-
duce spin-singlet superconducting correlations in the ad-
jacent normal metal. If a normal metal is replaced with a
ferromagnet, the spin-singlet pairs, which penetrate into
the ferromagnet, are partially converted into their spin-
triplet counterparts due to the presence of a macroscopic
spin-splitting field in it.*>® Simultaneously the triplet
pairs are also induced in the superconductor due to an
inverse proximity effect. The same effect occurs if a thin
superconducting film is subjected to a parallel magnetic
field or if the superconductor is contacted with a fer-
romagnetic insulator.® The triplet pairs are produced
at the expense of the singlet ones. This weakens the
conventional superconducting state and lowers the crit-
ical temperature.”® The generation of triplet Cooper
pairs in superconductor/ferromagnet (S/F) heterostruc-
tures brought a lot of new exciting physics®* and gave
a powerful impulse to development of superconducting
spintronics.? 1911

Now what is about the proximity effect in supercon-
ductor/antiferromagnet (S/AF) heterostructures? Naive-
ly, since the net magnetization in an antiferromagnet av-
eraged over the size of a typical Cooper pair vanishes,
one should expect that S/AF heterostructures behave
like S/N heterostructures from the point of view of the
proximity effect. This means that (i) only singlet pairs
can penetrate into the antiferromagnetic metal, and (ii)
a superconductor interfaced to antiferromagnetic metal
or insulator via a compensated interface is expected to
experience no net spin-splitting and reduction in critical
temperature.'? Any macroscopic spin-splitting in S/AF
heterostructures is only expected via an uncompensated
(non-zero) interface magnetization. Indeed, it was pre-
dicted that the uncompensated interface induces a spin-
splitting field in thin-film S/AF bilayers,'? which can re-
sult in some physical effects similar to thin-film S/F het-
erostructures,® for example, in the giant thermoelectric
effect,'* the anomalous phase shift'® and anisotropy of
the critical current in S/AF/S Josephson junctions with
spin-orbit coupling.'6

However, it was realized long ago that in fact an-
tiferromagnetism influences superconductivity not only
via the uncompensated interface magnetization. In par-
ticular, it was reported that in antiferromagnetic super-
conductors the staggered exchange field suppresses su-
perconductivity due to changes in the density of states
and due to atomic oscillations of electronic wave func-
tions.!'” The atomic oscillations of the electronic wave
functions in antiferromagnetic materials also lead to the
fact that nonmagnetic impurities in antiferromagnetic su-

perconductors behave like effectively magnetic and addi-
tionally suppress superconductivity.!” Further the theory
taking into account the suppression of superconductivity
by magnetic impurities was also developed for S/AF het-
erostructures.'® Several experiments have found that
AFs lower the critical temperature of an S layer,20-23 de-
spite there is no net spin-splitting. In some cases, the
effect has been comparable or even larger than that in-
duced by a ferromagnet layer.?? Of course, a number of
physical reasons can contribute to this observation. First,
an AF doubles the spatial period of the lattice due to its
antiparallel spins on the two sublattices. This can open
a bandgap in the adjacent conductor, which may reduce
the normal-state density of states in S, and thus sup-
press superconductivity.'”?* Second, partially the sup-
pression can result from the uncompensated magnetiza-
tion of the S/AF interface, which seems to be common
in experiments'® 2527 and induces a spin-splitting and
spin-flipping disorder in the superconductor, just like a
ferromagnet.'® Furthermore, the nonmagnetic disorder
in the S/AF system also suppresses superconductivity, as
it was mentioned above. Although all these physical ef-
fects are likely present in real systems, they are not asso-
ciated with a physics of proximity-induced triplet super-
conducting correlations, which are a cornerstone of the
physics and applications of S/F hybrids. Therefore, an
important question arises whether triplet correlations in
S/AF hybrid systems can arise only due to uncompen-
sated surface magnetization or the Néel magnetism itself
is also capable to generate new types of superconducting
proximity effect.

Some unconventional for S/N heterostructures physi-
cal effects in S/AF hybrids with compensated interfaces
were reported in the literature. For example, unconven-
tional Andreev reflection and bound states at such S/AF
interfaces have been predicted.?®:2° The atomic-thickness
0 — 7 transitions in S/AF/S Josephson junctions were in-
vestigated theoretically,3* 32 an analysis of a hybrid com-
prising a ferromagnet and a compensated AF interfaced
with an S suggested the interface to be spin-active.?3 All
these results indicated that a key piece of understanding
of the physics of S/AF hybrids was missing.

Further it was found that in spite of the absence of a
net magnetization, the Néel magnetic order of the AF in-
duces spin-triplet correlations at S/AF interfaces, which
penetrate both into the superconductor and into the metal-
lic antiferromagnet.?* Their amplitude flips sign from one
lattice site to the next similar to the Néel magnetic or-
der in the AF. These correlations were called Néel triplet
Cooper pairs. The goal of this review is to discuss the
current understanding of the fundamental physics of these
Néel triplet correlations and their physical manifestations.

2 Néel triplet correlations at S/AF interfaces
2.1 Bogolubov-de Gennes visualization of the Néel triplets

Let us consider an antiferromagnetic insulator interfaced
via a compensated interface to a thin conventional s-wave
superconductor (figure 1a). The system can be described

https://doi.org/10.64214 /jmsn.01.01004

01004-2

Bobkova et al., Mesoscience & Nanotechnology,
volume 1, issue 1, 01004 (2024)



by the following tight-binding Hamiltonian:
H=—tY e+ (Aehél +He)-
(ig),0 é

/’LZ ’ﬁ"ia + Z é;[a(hia)aﬁéiﬁa (1)

i,a3

where ¢ = (i, i,)” is the radius vector of the site and
Greek letters correspond to the spin indices. (i7) means
summation over the nearest neighbors. Here, A; and h;
denote the on-site superconducting order parameter and
the magnetic exchange field at site ¢, respectively; ézg
and ¢é;,) are operators of creation and annihilation an
electron with spin ¢ =71,] on the site ¢; ¢t denotes the
nearest-neighbor hopping integral; p is the chemical po-
tential; fi;, = ¢;,Cis is the particle number operator at
the site 2. We also define the vector of the Pauli ma-
trices in spin space o = (0,,0,,0,)T. We assume that
the antiferromagnet is of G-type, therefore the exchange
field inside the antiferomagnet can be written in the form
h; = (—1)%=*h. Axes z and y are taken normal to the
S/AF interface and parallel to it, respectively. Hereafter
we use the system of units, in which the reduced Planck
constant 7 and the Boltzmann constant kg are equal to
unity, for the sake of compactness.

b

AF S

Fl/t

0.0075
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0.0025

-0.0025
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Figure 1. a — Sketch of the antiferromagnetic insulator with a
compensated interface attached to the thin superconductor. b —
Spatial variation of the amplitude Fit of the triplet correlations.
Each colored square codes the value of Flt at a given site. An
alternating sign of the correlations in S-layer commensurates with
the Néel order in the AF-layer along the interface direction. The
picture is adopted from Ref. [34].

The Hamiltonian (1) can be diagonalized by the Bo-
golubov transformation.®* Further one can investigate
the structure of the superconducting correlations at the
S/AF interface using the solutions of the resulting Bogolu-
bov-de Gennes equation. The anomalous Green’s func-
tion in the Matsubara representation can be calculated as
Fi.ap = —(¢a(7)ép(0)), where 7 is the imaginary time.
The component of this anomalous Green’s function for a
given Matsubara frequency w,, = 7#T(2m + 1) is calcu-
lated as follows:

F _ un,avn,ﬂ un,ﬂvn,a

i,aﬂ(wm) = E - - ) (2)
~ Wy, — En Wy, + En

where u;, , and vy, , are electron and hole parts of the

two-component eigenfunction of the Bogolubov-de Gennes

§-(p)
\\ &/ = 0,7(’,QlD
\\.. - ’
— N ;3 }
2 ol 2A; I P - 2
hnd 1 —TPo Po
C(p)
- R 0 I n
Figure 2. Electron dispersion &4 (p) = F2tcospa — p of the

normal-state S in the reduced Brillouin zone (BZ) pa € [—7/2,7/2]
considering a 1D system with two sites in the unit cell (solid curves).
The electron energy defined by £+ (p) is counted from the Fermi sur-
face. The reciprocal lattice vector due to the periodicity enforced
by the AF is Q1p = 7/a. The spectrum branches are doubled in
the BZ due to the reduction of the BZ volume. The spectrum of
the original 1D superconductor with one site in the unit cell in the
BZ pa € [—w, 7] is shown by dashed curves. The blue line indicates
ordinary pairing between pg (state 1) and —po (state 2) electrons
corresponding to the zero total pair momentum. The green line
indicates Néel pairing between pg (state 1) and —po + Q1p (state
3) corresponding to the total pair momentum @Q1p. The picture is
adopted from Ref. [34].

equation, corresponding to the n-th eigenstate, €, is the
eigenenergy of this state, and «, § are spin indices. Only
off-diagonal in spin-space components, corresponding to
opposite-spin pairs, are nonzero for the case under con-
sideration. The singlet (triplet) correlations are described
by ' (wm) = Fi 41 (Wm) F Fi.14(wim). The on-site triplet
correlations are odd in Matsubara frequency, as it should
be according to the general fermionic symmetry. The
spin-triplet correlations amplitude F at each lattice site
with the radius-vector ¢ is evaluated by summing the
anomalous Green’s function over the positive Matsubara
frequencies F} = Y Ff(wm).
W >0
Figure 1b plots the spatially resolved spin-triplet pair-

ing amplitude in the S/AF bilayer. A clear imprinting of
the AF Néel ordering is seen on the triplet pairing am-
plitude in the direction parallel to the interface: an al-
ternating sign of the correlations in the S layer is clearly
visible. This perfect picture is disturbed in the direc-
tion perpendicular to the interface due to the absence of
the translational invariance in this direction. We will get
back to physical reasons of the disturbance in Section 4
of this review.

The physics related to the proximity-induced Néel
triplet correlations can be also described in the framework
of the two-sublattice quasiclassical theory in terms of the
Eilenberger equation, which was developed in Ref. [34].

2.2 Qualitative physical picture of the Néel triplets’ origin

What is the physical origin of the Néel Cooper pairs?
The essential physics is captured already within a one-
dimensional (1D) model®** considering 1D AF covered by
1D superconductor. Therefore, the electron wavevector
bears only one component which is along the interface.
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In the absence of the antiferromagnet the normal-state
electronic dispersion of S-metal can be depicted as in fig-
ure 2 with a Brillouin zone (BZ) pa € [—m, 7], where a
is the lattice constant. Within this single-sublattice dis-
persion the Néel magnetic order in AF causes scattering
between electronic states that differ by the wavenumber
Q1p = 7/a (so-called Umklapp scattering®> 37) at the
S/AF interface. Thus, the AF converts conventional spin-
singlet pairing between electrons with momenta +pg and
—po at the Fermi surface (blue line in figure 2) into the
Néel spin-triplet pairing between, for example, +py and
—po + Q1p (green line in figure 2). In real space such a
pairing changes sign from a site to its nearest neighbor
similar to the Néel order with the wavenumber Q1p. The
antiferromagnetic gap opening has been disregarded in
the present simplified figure.

Strictly speaking, to describe the whole S/AF system,
we should use a unit cell with two sites in it, correspond-
ing to two sublattices of the antiferromagnet with oppo-
site magnetizations. Within this two-sublattice picture,
we now have two bands in the electronic dispersion. What
appeared as pairing between +pg and —pg + @Q1p states
in the single-sublattice picture is actually pairing between
the +pg state from one band with the —pg state from the
other band, as depicted in figure 2. Therefore, we con-
clude that the Néel pairing is the interband pairing.

2.3 Dependence of the Néel triplet pairing on the chemical
potential

Due to its interband origin the Néel triplet pairing is
very sensitive to the value of the chemical potential in
the material, where it is induced. It is in sharp contrast
with the usual triplet pairing induced by the proximity
effect at S/F interfaces, which is insensitive to the value
of the chemical potential because of its intraband nature.
To see the dependence of the Néel pairing on the chem-
ical potential, let us have another look at figure 2. Tak-
ing into account that py is defined from the condition
&4(p) = —2tcosppa — p = 0 one immediately obtains
that & — & = 2u. That is, the energy difference be-
tween states 1 and 3’ grows with p, thus reducing the
efficiency of pairing. This qualitative picture was sup-
ported in Ref. [34] by strict calculations performed in the
framework of the two-sublattice quasiclassical theory.
Figure 3 represents the results of calculation of the
Néel triplet amplitude F in a thin superconductor prox-
imitized by an AF insulator. Such a thin-film supercon-
ductor with the thickness dg < &g, where £g is the su-
perconducting coherence length, can be considered as a
homogeneous superconductor under the influence of an
effective exchange field of the Néel type heg,">3* which
accounts for the influence of the AF insulator on the su-
perconducting film. In figure 3 the Néel triplet amplitude
is plotted for different values of the chemical potential
of the superconductor and different amplitudes of the ef-
fective exchange field heg = |heg|. It is clear that for
a given value of heg the Néel triplet amplitude indeed
weakens upon increase in pu. The amplitude of conven-
tional triplet correlations induced in the same thin-film

0.30 p
025 /
0.20 /
g / !
= 0.15 / — AF., = 0.01T |
a —— AF, p =051 |
0.10 / — AF. p=T4
— AF, = 2T,
. — AF. p=5T4
-— F
0.00
0 1 2 3 4
heﬂ‘/Tro

Figure 3. Anomalous Green’s function of the Néel triplet correla-
tions as a function of heg for different values of u. Each line ends
at the critical value of h.g corresponding to the full suppression of
superconductivity. T, is the critical temperature of the supercon-
ductor without proximity to a magnet. The picture is adopted from
Ref. [34].

—F
F
0.3
= ' 0.2
} {
2 /
y | 0.1
| /
% 1 2
0
0 20 40 60 80 100
heff/TCU

Figure 4. Amplitude of the triplet correlations relative to the
singlet amplitude as function of heg and p at T — T.. Inset:
region (heg, ) ~ Teo on a larger scale. The picture is adopted
from Ref. [38].

superconductor by proximity to a ferromagnetic insulator
producing the effective exchange field of the same am-
plitude heg (homogeneous, not Néel) is also shown for
comparison (see purple curve in figure 3).

The weakening of the Néel triplet correlations with
increasing chemical potential does not mean that they
are completely suppressed at high values of the chemical
potential (> Teo), when the filling factor in the super-
conductor is far from half filling of the conduction band.
Here Ty is the critical temperature of the superconductor
in the absence of the proximity to the AF. The amplitude
of the Néel triplet correlations increases with increasing
effective exchange field heg, as it is seen from figure 3.
It was shown in Ref. [38] that at (hes, u) > Teo the am-
plitude of the Néel triplet correlations is only determined
by the ratio heg/p and reaches its maximal value at the
line heg /1 = const =~ 0.8. This tendency is demonstrated
in figure 4. For larger values of this parameter the super-
conductivity in the system is fully suppressed.
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Figure 5. Critical temperature of the S/AF bilayer as a function
of heg for different values of u. Black line represents the depen-
dence T¢(hegy for an S/F interface with a ferromagnetic insulator
producing the same value of the effective exchange field (but ho-
mogeneous, not staggered) in the superconductor. The picture is
partially overlapped with an analogous picture from Ref. [34].

2.4 Suppression of the critical temperature of thin-film
S/AF bilayers by the Néel triplets

Now we demonstrate that the Néel triplet correlations
suppress the superconductivity at S/AF interfaces and,
in particular, they suppress the superconducting critical
temperature of thin-film superconductors proximitized by
antiferromagnetic insulators. The effect is analogous to
the well-known suppression of superconductivity by proxi-
mity-induced triplets at S/F interfaces.? Again we dis-
cuss a thin-film superconductor with dg < £g in proxim-
ity to an antiferromagnetic insulator.

The dependence of the critical temperature of the
S/AF bilayer on the effective exchange field is presented
in figure 5 for different values of the chemical potential.
The critical temperature is indeed suppressed by the stag-
gered exchange field heg. The efficiency of suppression by
the staggered field is of the same order, and even higher,
as the suppression by the ferromagnet with the same ab-
solute value of the exchange field. The stronger suppres-
sion of the superconductivity by the staggered exchange
as compared to the uniform ferromagnetic exchange field
is explained by the presence of the antiferromagnetic gap
at the Fermi surface, which prevents electronic states in-
side this gap from superconducting pairing. The super-
conductivity suppression for a given heg becomes weaker
for larger values of the chemical potential, what is ex-
plained by weakening of the Néel triplet correlations upon
increase of u.

2.5 Proximity effect produced by canted antiferromagnets:
mixture of Néel and conventional triplets

Following to Ref. [39] we would like to discuss, what hap-
pens with the proximity effect in heterostructures com-
posed of superconductors and canted antiferromagnets.
We consider a bilayer structure consisting of an insulat-
ing AF with canted sublattice magnetizations exchange
coupled to an adjacent S. The sketch of the system is
shown in figure 6. The canting angle is 6,. For 6, = 0 the

canted-AF s-wave superconductor
i
m
1+ THT
I

Figure 6. Sketch of the system and key physics of the prox-
imity effect at S/canted AF interfaces. Equal-spin and zero-spin
triplet correlations are generated in a conventional s-wave spin-
singlet superconductor when it is interfaced with a canted anti-
ferromagnet (canted-AF). The equal-spin triplet correlations result
from the intrinsic noncollinearity between the two AF sublattice
magnetizations. The canting angle 0; allows one to vary the mag-
net from being a collinear AF (6; = 0) to a ferromagnet (6; = 7/2).
The picture is redrawn after Ref. [39].

considered AF becomes a collinear antiferromagnet with
the axis of magnetic moments along the z-direction. As
we increase the value of 6;, the canted-AF acquires a net
magnetization along the y-direction. So the canted-AF
can be decomposed into an antiferromagnetic component
(along the z-axis) and a ferromagnetic component (along
the y-axis).

Chourasia et al. [39] investigated the spin-triplet cor-
relations and calculated the critical temperature of the S
as functions of the canting angle in the AF, which allows
us to continuously tune the AF from its collinear antipar-
allel state to that effectively becoming in F. In general,
the vector amplitude of the triplet superconducting cor-
relations induced in the S-layer by proximity to the AF
can be written as F} = F;’xem + F;’yey + F;’Zez. It al-
ways has a component aligning with the local exchange
field whether the magnetization of a magnet (either ferro-
magnet or antiferromagnet) is homogeneous or inhomo-
geneous. If the magnetization is inhomogeneous, other
components, not coinciding with the direction of the lo-
cal exchange field, appear.® In the considered case the
magnetization is obviously inhomogeneous due to cant-
ing. For this reason all three components of the triplet
vector are nonzero.

The dependence of these spin-triplets on the canting
angle is presented in figure 7. At 6; = 0 only F*® compo-
nent is nonzero. It corresponds to the pure Néel triplet
order discussed above. The Néel structure of this com-
ponent was demonstrated explicitly.?® This component
decreases as 6; goes from 0 to 7/2 (figure 7b) and van-
ishes at 6; = 7/2 because the Néel triplets are absent
in the purely ferromagnetic state. It is also seen that
the amplitude of this component decreases as p increases
in agreement with the general dependence of the Néel
triplets on the chemical potential, discussed above. Here
the chemical potential is determined via the filling factor
f, which is the fraction of filled electronic states in the
system: f = 0.5 (half-filled band) corresponds to p = 0.

The component F“¥ increases with the canting angle
and it appears to be caused primarily by the net mag-
netization (figure 7c). It was directly checked that it is
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Figure 7. a, b, c — Variations of the triplet correlations with the canting angle 6; for different filling factors f = 0.5 (u = 0) and f = 0.6
(u/Teo = 65). These panels show the average magnitudes of the normalized spin-triplet correlation F*# (panel a), F*'* (panel b), and
F%Y (panel c). The averages are taken over all superconducting sites and they are denoted via an overhead bar. The picture is adopted

from Ref. [39].
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Figure 8. a, b — Normalized critical temperature T vs. canting angle 6; for the filling factors f = 0.5 (panel a) and f = 0.6 (panel b)
considering different values of the antiferromagnetic exchange field h. Ag is the zero-temperature superconducting order parameter of the
same superconductor without the AF-layer. The picture is adopted from Ref. [39].

a conventional triplet component without the Néel struc-
ture. It is maximal in the purely ferromagnetic state.
F# is also found to be of the Néel type (figure 7a). It
appears due to the noncollinearity of two sublattices. Its
Néel character can be understood in terms of this non-
collinearity. Hopping from one lattice site to the next,
the angle between the spin-splitting at the site and its
direct neighbors changes its sign. It is interesting that it
vanishes at © = 0 (f = 0.5) for all canting angles. The
physical reason is that for pu =~ 0 the antiferromagnetic
gap opens in the superconductor in the vicinity of the
normal state Fermi surface. In this case the most impor-
tant contribution to the pairing correlations is given by
the electronic states at the edge of the gap. They cor-
respond to £+ =~ 0, what means that the electrons are
practically fully localized at one of the sublattices. Con-
sequently, they only feel the magnetization of the corre-
sponding sublattice, which is homogeneous. As a result,
the noncollinearity does not affect the z-component or the
triplet correlations. However, for non-zero u (away from
the half-filling case) F** increases from zero to a finite
value as we go from a collinear antiferromagnetic align-
ment to the maximal noncollinearity between the sub-

lattice magnetic moments, and then it decreases back to
zero for the ferromagnetic alignment (figure 7a).

As it was already discussed, the critical temperature
of superconductor/magnet heterostructures is suppressed
by triplet correlations, both of conventional type and the
Néel type. Therefore, it is natural to expect that the
critical temperature of the S/AF bilayers with canted an-
tiferromagnets is always suppressed with respect to the
critical temperature of the isolated superconductor T,.
It was found [39] that it is indeed the case. However,
the physics of the suppression is very interesting. In the
framework of our review here we encounter the first mani-
festation of the crucial dependence of the Néel triplets on
the chemical potential and its physical consequence. It
was obtained that the dependence of the critical temper-
ature on the canting angle ; is opposite near half-filling
and far from half-filling. It is demonstrated by figure 8
composed for f = 0.5 and p = 0 (panel a), and for f = 0.6
and p ~ 65T (panel b). It is found that for p = 0 the
T, value increases with ; while it manifests the opposite
dependence for p # 0.

For the case i = 0 presented in figure 8a, a strong gen-
eration of the Néel triplets due to the interband pairing

https://doi.org/10.64214 /jmsn.01.01004

01004-6

Bobkova et al., Mesoscience & Nanotechnology,
volume 1, issue 1, 01004 (2024)



leads to the maximal T, suppression at 6; = 0. Since the
T, suppression is stronger for the pure AF case (6; = 0)
than for the pure F case (6; = 7/2), the T, value increases
with ;. For the case of f = 0.6 (1> Ty) and h ~ Ty
(h = |h|), the Néel triplets generation by the antiferro-
magnetic order is much weaker. On the other hand, the
ordinary spin-triplets generation by a ferromagnet remain
of the same order of magnitude as for f = 0.5. Thus, T,
is the largest for #; = 0 and it decreases with 6.

3 Influence of impurities on the Néel triplets
and on superconductivity in S/AF hetero-
structures

In this section we discuss how the superconductivity in
S/AF heterostructures is influenced by conventional non-
magnetic impurities and what is the role of the Néel
triplets in this physics. Here we will have the second
example of the crucial influence of the chemical potential
on the physics of S/AF heterostructures.

3.1 Néel triplets and impurities

First of all, we discuss how the Néel triplets behave in
the presence of impurities. It was shown [34] that near
half-filling state nonmagnetic disorder destroys the Néel
spin-triplet correlations. The physical reason of the sup-
pression of the Néel triplets by the nonmagnetic disorder
is their interband nature. At the same time, at p > Ty
the interband Néel triplet pairing is suppressed. However,
the Néel triplet correlations can be essential even at large
values of p, as it was demonstrated in Refs. [38, 39] and
was discussed above in this review. In this case all pairing
correlations are completely intraband, as it is shown in
figure 9a. It should be noted that the normal state eigen-
vectors of the electronic band crossed by the Fermi level
represent a mixture of sign-preserving and sign-flipping
components between the A and B sites of the same unit
cell:

(55 )or=fon (1) v 2 )]

where

1 oheg oheg
= - 1+ ——+,4/1— —— 4

are the sign-preserving (flipping) amplitudes of the eigen-
vectors. Due to the presence of the sign-flipping compo-
nent of the eigenvectors and its spin sensitivity, the sin-
glet homogeneous pairing between p and —p states at the
Fermi level (see figure 9a) is inevitably accompanied by
the Néel sign-flipping triplet component. As it can be
seen from Eq. (4) the amplitude of the sign-flipping mix-
ture is controlled by the ratio heg/p and it is suppressed
as  increases, what is in agreement with the dependence
of the Néel triplets on the chemical potential, presented
in Section 2.3.

It is natural to expect that the s-wave intraband trip-
lets are not sensitive to the influence of nonmagnetic im-
purities. Our calculations, performed in the framework of
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Figure 9. a, b — Electron dispersion of the normal-state in the
reduced Brillouin zone (BZ) pa € [—7/2,7/2]. For simplicity of

visualization a 1D system dispersion alD = F+/E2(p) + heff — i

is demonstrated instead of a real dispersion E?VD. Here we take
into account the opening of the antiferromagnetic gap due to heg.
a — Case of large . The electronic states in the vicinity of the
Fermi surface e} N = 0 allowed for pairing (pink region) do not in-
volve the second electronic branch. Only (p, —p) intraband singlet
and intraband Néel triplet pairs are present (dashed blue-green).
b — Case of small p for comparison. Electronic states belonging
to the both branches are present in the vicinity of the Fermi sur-
face and are allowed for pairing. Both intraband singlet (blue) and
interband Néel triplet pairs (green) exist. The picture is adopted
from Ref. [38].
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Figure 10. Amplitude of the triplet correlations relative to the
singlet amplitude as a function of the inverse impurity scattering
time for a superconductor in the presence of the Néel-type effective
exchange field heg. Different curves correspond to different values
of the chemical potential p.

the non-quasiclassical Green’s functions approach, origi-
nally presented in Ref. [38] confirm these expectations.
The dependencies of the Néel triplet amplitudes on the
nonmagnetic impurity inverse scattering time 7, ! are
demonstrated in figure 10. It is seen that at 4 = 0 the
amplitude of the Néel triplet correlations is suppressed
by impurities, as it was found in Ref. [34]. At rather
large parameter u = 7.57,y we clearly see no suppression.
Instead, a weak increase of the Néel triplet amplitude is
observed. We cannot definitely say what is the reason for
this weak increase. Probably it is related to the influence
of impurities on the normal-state density of states (DOS).

https://doi.org/10.64214 /jmsn.01.01004

01004-7

Bobkova et al., Mesoscience & Nanotechnology,
volume 1, issue 1, 01004 (2024)



3.2 Depairing effect of nonmagnetic impurities in S/AF
heterostructures at large chemical potentials

What happens with the critical temperature of thin-film
S/AF bilayers in the presence of impurities? Based on
the results discussed in the previous subsection one can
conclude that T, should be enhanced with impurity scat-
tering strength at small chemical potentials because of
weakening the triplets, which are generated at the ex-
pense of singlets. It is indeed the case, as it is shown in
the next subsection. But what we can expect at large
u? Is the critical temperature only negligibly sensitive to
impurities? The answer is that at large chemical poten-
tials the critical temperature is suppressed by nonmag-
netic impurities quite strongly. The mechanism of the
suppression is not related to the Néel triplets. The am-
plitude of the wave functions of electrons is different for
A and B sublattices [see Eq. (3)]. Physically it is be-
cause of the fact that for an electron with spin up it is
energetically favorable to be localized on the B sublattice
and for an electron with spin down — on the A sublat-
tice. Thus, this sublattice-spin coupling in the presence
of the Néel-type exchange field gives an effective mag-
netic component to the non-magnetic impurities. And it
is well-known that magnetic impurities do suppress su-
perconductivity.*® This mechanism of superconductiv-
ity suppression by nonmagnetic impurities was originally
discussed for antiferromagnetic superconductors.'” Then
it was realized that it also works for S/AF heterostruc-
tures,'®19 where an appropriate quasiclassical theoreti-
cal formalism taking into account the destroying action
of nonmagnetic impurities was developed'® and the sup-
pression of the critical temperature of S/AF bilayers with
metallic antiferromagnets due to the nonmagnetic impu-
rities was found.!?

3.3 Dependence of the critical temperature of S/AF het-
erostructures on impurities: enhancement vs suppres-
sion

The influence of nonmagnetic impurities on the critical
temperature of thin-film S/AF bilayers, which can be ef-
fectively modelled as superconductors in a homogeneous
effective Néel exchange field heg, in the full range of pa-
rameters of the bilayer was considered in Ref. [38].

We start with the discussion of two limiting cases.
Figures 11 and 12 demonstrate the critical temperature
of the S/AF bilayer as a function of the inverse impurity
scattering time 7, '. The results shown in figure 11 are
calculated at y = 0 and represent a typical example of
the dependence in the regime when the interband Néel
triplets are strong and play the role of the main depair-
ing mechanism, and the impurities do not really work
as effectively magnetic. It can be seen that at heg # 0
the critical temperature grows with the disorder strength
or even appears at some nonzero 7, !. This behavior is
explained by the presence of the Néel triplets, which sup-
press the critical temperature of the singlet superconduc-
tivity. In the clean limit 7,1 = 0 their amplitude is the
maximal. Due to the interband nature of the Néel pairing
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2 0.6 /
& /
&~ 04 hegr=0
— hen=0.75 Ty
0.2 — heg=1.1 Ty
i ‘ — heg=15Ty
0 ) 4 6 8 10 12

Figure 11. Dependence of T, on s tat w = 0 for different effective
exchange fields heg. T is normalized to the value of the critical
temperature T of the isolated S-film. The picture is adopted from
Ref. [38].
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Figure 12. Dependence of T, on 7'5_1 at u = 150 T, for different
effective exchange fields heg. The picture is adopted from Ref. [38].

they are gradually reduced with impurity strength and,
consequently, the critical temperature grows.

Figure 12 corresponds to g = 1507,. It represents
the opposite limit when the interband Néel triplets are
suppressed. Intraband Néel triplets are still there and
they suppress superconductivity of the bilayer with re-
spect to the case of an isolated superconductor, especially
at large values of heg, as it is seen at 7,1 = 0. However,
the intraband Néel triplets are not sensitive to nonmag-
netic impurities. The dependence T,(7; 1) is dominated
by the impurity suppression.

Now, after considering the limiting cases we discuss
the effect of nonmagnetic impurities on the superconduc-
tivity of the S/AF hybrids in the entire range of param-
eters. Figure 13 represents the behavior of the critical
temperature in the 7, ' — p plane for a given heg =
2.25T.o. Front and back sides of the image correspond
to the considered opposite limits. The front side is the
limit of small p, where Néel triplets dominate and, conse-
quently, superconductivity is restored with increase in im-
purity strength. The back side corresponding to large p,
represents the suppression of superconductivity by non-
magnetic impurities. For intermediate p values there is
a crossover between them. In particular, for a certain
range of y a nonmonotonic dependence T.(7;!) is ob-
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Figure 13. Dependence of the critical temperature T on 75 © and
w at heg = 2.25T¢0. The picture is adopted from Ref. [38].

served. The initial suppression of T, is changed by some
growth. This is because the singlet superconductivity is
suppressed by the impurities more rapidly than the Néel
triplets. This behavior is in sharp contrast with the be-
havior of a F/S bilayer, where the critical temperature is
not sensitive to the nonmagnetic impurity concentration,
and the magnetic impurities suppress the superconductiv-
ity.2® Moreover, the properties of S/F bilayers is mainly
not sensitive to the deviation from half-filling of the elec-
tronic spectrum unlike from S/AF hybrids.

It is worth noting that all the results discussed above
are valid for the case of relatively weak disorder, which
can be considered in the Born approximation. The is-
sue about the influence of the strong disorder on super-
conductivity in S/AF heterostructures is yet to be ex-
plored. For the case of conventional s-wave supercon-
ductors it is known that a strong disorder can lead to a
metal-insulator transition in the normal state, to the ap-
pearance of a pseudogap in spectrum and larger spatial
fluctuations of superconductive pairing, what results in
increased A /T, ratio.*! *> Furthermore, Anderson local-
ization and phase fluctuations, are more pronounced in
low-dimensional structures, leading to the suppression of
superconductivity. At the same time, the disorder can
also result in a remarkable enhancement of superconduc-
tivity.#6-52 The stronger disorder increases spatial inho-
mogeneity, which enhances the local pairing correlations
and superconducting gap, comparing with the clean sys-
tem. Disorder-related effects are assumed to be responsi-
ble for a large increase of the critical temperature in the
recently discovered superconducting NbSes monolayers.
Theoretical analysis attributes the enhancement to the
disorder-induced multi-fractal structure of the electronic
wave functions. Which of the listed possibilities are rel-
evant to S/AF heterostructures is to be studied. This
prospect for future work is especially interesting in view
of the opposite effects of the weak disorder on supercon-
ductivity near half-filling and away from half-filling, what
can make the physical picture of the effect of the strong
disorder even richer.
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Figure 14. Brillouin zone and Fermi surface (black curves) of the
AF layer. Zero-momentum Cooper pair between electrons 1 and
2 is schematically shown by black arrows. There is also Néel-type
finite-momentum triplet pairing between electrons 2 and 3, which
is produced from electron 1 due to the Umklapp reflection process
from the S/AF interface. The total momentum &p of the pair (2
and 3) is shown by the red arrow. The picture is adopted from
Ref. [76].

4 Finite-momentum Néel triplets

Triplet pairs, originated from the singlet-triplet conver-
sion in homogeneous superconductors under the action of
a Zeeman field, are usually zero-momentum pairs,” what
means that their wave functions are uniform in real space.
However, in some narrow regions of parameters an in-
homogeneous superconducting state produced by singlet
and triplet pairs with finite momentum of the pair, the
so-called Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) state,
was predicted.®®5* One of the important properties of
the triplet pairs generated at F/S interfaces, where the
translational invariance is lost, is that the zero-momentum
pairs, entering the ferromagnetic region from the super-
conductor, inevitably acquire a finite momentum of the
pair®:56 due to the fact that the spin-up and spin-down
electrons forming a pair have opposite potential ener-
gies in the macroscopic exchange field of the ferromag-
net. Thus, the electrons residing at the same energy (at
the Fermi surface) have not strictly opposite momenta in
the ferromagnet (the absolute values of their momenta
are different) and the pair as a whole has nonzero to-
tal momentum. The finite momentum is acquired both
by singlet and triplet pairs, what allows us to refer to
such state as a mesoscopic analogue of the FFLO super-
conducting state.®*5* The finite momentum, which the
Cooper pair acquires in the exchange field of the ferro-
magnet, makes the pairing wave function oscillating. The
resulting phase change across the ferromagnetic layer is
responsible for the 7-junction effects,® %5761 which are
widely used now in the superconducting electronics.62 64
The interference of the incident and reflected oscillating
wave functions determines the oscillatory phenomena of
the critical temperature T, versus the F-layer thickness in
bilayers and multilayers, which have been widely studied
both theoretically®® 70 and experimentally.” 7

Naively, one does not expect that a Cooper pair pene-
trating into the antiferromagnet from the superconductor
possesses a finite total momentum because (i) the average
value of the exchange field in the antiferromagnet is zero,
(ii) the quasiparticles spectrum is spin-degenerate and,
therefore, (iii) spin-up and spin-down electrons, forming
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the pair, should have opposite momenta with equal ab-
solute values p; = —p;. In its turn, that means zero
total momentum of the pair and, as a result, absence of
the oscillations of the pair amplitude. However, it was
shown that in the absence of the translational invariance
in S/AF heterostructures (i. e., at S/AF interfaces or sin-
gle impurities) the finite-momentum Néel triplet pairing
occurs.”® 7" Tt was demonstrated theoretically that the
finite-momentum Néel triplet correlations at S/AF inter-
faces result in the oscillating dependence of the critical
temperature on the thickness of AF-film.”® There are a
number of experimental works, where the critical tem-
perature of S/AF bilayers with metallic antiferromagnets
has been measured as a function of the AF thickness and
the oscillating behavior was observed.?’ 22 At the same
time, in the regime, when the Néel triplets can be disre-
garded, this dependence has been calculated and no os-
cillations were reported.'® Thus, oscillations of the crit-
ical temperature of S/AF bilayers can be viewed as a
signature of the presence of finite-momentum Néel-type
triplet correlations in the hetero-structure. In two fol-
lowing subsections we consider the physical nature of the
finite-momentum Néel triplet pairing and discuss how it
manifests in the critical temperature of S/AF bilayers
with metallic antiferromagnets.

4.1 Physical mechanism of the finite-momentum Néel triplet
pairing

In Section 2.2 we discussed the qualitative mechanism
of the Néel triplet pairing. It was shown that the Néel
pairing is pairing of electrons having the momenta p and
—p + Q, where @ is the reciprocal lattice vector due
to the periodicity enforced by the AF ordering. In the
2D case it is Q = (w/a,m/a). In real space this pair-
ing manifests itself as the atomic-scale oscillations of the
pair amplitude: it flips its sign from one site to its near-
est neighbor. But if we only monitor on-site Néel triplet
pairs for one of the sublattices, we see that the ampli-
tude is homogeneous. Now let us consider a situation
with broken translational invariance in the system. The
simplest case is a plane S/AF interface. Previously we
discussed mainly effectively homogeneous systems such
as thin-film superconductors proximitized by AF insula-
tors, which can be considered as homogeneous supercon-
ductors under the action of the Néel effective exchange
field her. The spatial dependence of the proximity ef-
fect in the direction perpendicular to the interface was
neglected due to the small thickness of the S-film in the
transverse direction. The only exception is figure 1 of
this review, where this simplification was not used. It is
clear that the perfect Néel structure, which we see along
the interface, is violated in the direction perpendicular to
the interface. Even if we monitor the on-site Néel pair-
ing at one of the sublattices, the corresponding amplitude
has some oscillations. It is a signature of the formation
of finite-momentum Néel triplet pairs due to scattering
events at the interface. Now let us explain the mecha-
nism of such pairing in more details.

If we consider a plane interface, which breaks the
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Figure 15. Dependence of the A-sublattice triplet correlations am-
plitude F; (red curves) and the singlet amplitude Fs (blue curves)
for the normal to the S/AF interface trajectory v > 0 on the dis-
tance from the S/AF interface inside the AF layer. Different curves
correspond to different thicknesses dop of the AF layer. Each of
the curves ends at the distance corresponding to the impenetrable
edge of the AF layer. F; g is the singlet amplitude in the absence
of the AF layer. The picture is adopted from Ref. [76].

translational invariance along the z-direction, then it is
convenient to choose the Brillouin zone (BZ) as shown
in figure 14. Due to the doubling of the unit cell BZ is
compressed twice in the lateral direction along the y-axis.
As a result, additional branches of the Fermi surface ap-
pear in the reduced BZ. Please note that such additional
branches of the Fermi surface do not occur in the 1D
case, considered in Section 2.2. Let us consider an elec-
tron (ps1,py) incoming to the S/AF interface from the
AF side (marked by 1 in figure 14). Because of Umklapp
scattering at the the S/AF interface this electron can be
reflected as electron 3 from another branch, correspond-
ing to the momentum (ps3,py) (for the plane interface
the component of the electron momentum p, along the
interface is conserved). That is why the electron 2 with
momentum (—py1,p,) can form not only a singlet zero-
momentum Cooper pair with the electron 1, but also a
Néel-type triplet pair with the electron 3, which has a fi-
nite total momentum dp = |py3 — pr1|. The normal-state
electron dispersion in the reduced BZ takes the form

€= —liar + \/h2 + 4t2(cos pya + cos pya + cosp,a)?.

From this dispersion relation and the condition that e = 0
at the Fermi surface we obtain

\/:“,24F — h?

op = - .
ta sinp,a

The last expression can be rewritten in terms of the elec-
tron Fermi velocity vp, = v = 0¢/0p,; = 2tasin(pga) at
par = h =0 as ép = 2¢/p% — h?/v. The main con-
tribution to the oscillations of the critical temperature is
given by the normal trajectories with vp; ~ vF and then
the oscillation period takes the form

TR
Viap =
Figure 15 shows some typical examples of the spa-

tial distribution of the on-site singlet and triplet correla-
tions inside the AF layer at the A-sublattice. We see that

Lose = (5)
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Figure 16. S/AF bilayer with a finite-width metallic AF. Stag-
gered magnetization of the AF layer is schematically depicted by
arrows. The unit cell containing two sites belonging to A and B
sublattices is also shown. The picture is adopted from Ref. [76].

the triplet correlations oscillate inside the antiferromag-
net [the period of these oscillations is in agreement with
Eq. (5)], while the singlet correlations just decay with-
out oscillations, unlike the case of S/F heterostructures,
where both singlet and triplet correlations manifest os-
cillations with the same period inside the ferromagnet.
The reason is that according to our qualitative consider-
ation only Néel pairs can have finite momentum of the
described physical origin.

4.2 Oscillations of the critical temperature of S/AF bilayers

Now we will discuss the effect which oscillations of the
Néel triplet correlations have on the critical temperature
of S/AF bilayers with metallic antiferromagnets. The
sketch of the system is presented in figure 16. In systems
with finite-width layers these oscillating correlations can
experience constructive or destructive interference due
to the reflections from the impenetrable edge of the AF
layer. This leads to the oscillating dependence of the Néel
triplet correlations amplitude on the width d4p of AF-
layer, what, in its turn, makes the critical temperature of
the bilayer also an oscillating function of dp.

1.00
h= 0~00HAF
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0.00 0.02 0.04 0.06 0.08 0.10 0.12
dar/&s

Figure 17. Critical temperature of the S/AF bilayer as a function
of the AF layer thickness dap, calculated for dg = 1.56g. The
picture is adopted from Ref. [76].

Such behavior of the critical temperature was inves-
tigated in Ref. [76]. Figures 17-19 show the critical tem-
perature as a function of d4p for different values of the
thickness dg of the S layer. Different curves in each fig-
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Figure 18. The same as figure 17 but calculated for dg = 0.75¢5.
The picture is adopted from Ref. [76].
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Figure 19. The same as figure 17 but calculated for dg = 0.225¢g.
The picture is adopted from Ref. [76].

ure correspond to the different exchange fields h of the AF
layer. In all three figures we can see the superconductivity
suppression is accompanied by the oscillations of the crit-
ical temperature. The amplitude of the oscillations grows
with the value of the exchange field, and its period is de-
scribed well by Eq. (5) regardless of the thickness of the
superconductor. As the S layer gets thinner, the influence
of the proximity effect on the superconductor increases,
which leads to a stronger suppression of the critical tem-
perature and a larger amplitude of the oscillations. To
see this we can compare figures 17 and 18. In figure 18
corresponding to smaller dg the amplitude of the oscil-
lations is higher. This is because of larger amplitude of
the triplet wave function reflected from the impenetrable
edge of the AF. However, for the thinnest S layer (fig-
ure 19) the T, oscillations are weakly pronounced. This
is explained by the fact that the amplitude of the oscillat-
ing Néel triplets inside the AF layer (and, consequently,
the amplitude of the T, oscillations) is greatly suppressed
in this case together with superconductivity.

5 Spin-valve effect in AF /S /AF heterostruc-
tures

In this section we will discuss how Néel triplet correla-
tions manifest themselves in AF/S/AF trilayers, follow-
ing Ref. [78]. First of all, we need to define what the
spin-valve effect is. Let us consider a heterostructure
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constructed of a superconductor and two magnetic lay-
ers. If the superconducting critical temperature of the
hybrid structure is sensitive to the mutual orientation of
the magnetizations of the magnetic layers, we call it a
spin-valve effect and the structure can be referred as a
spin valve. Switching between the superconducting and
the normal states by changing the mutual orientation of
the magnetizations is called the absolute spin-valve effect.

Spin-valve effect in heterostructures with ferromag-
nets has been widely studied theoretically™®* and ex-
perimentally,®*°7 and its origin is intuitively clear. In-
deed, let us introduce the misorientation angle ¢ between
the magnetizations of the F-layers. Then in the parallel
(P) configuration, corresponding to ¢ = 0, the exchange
fields of the two F-layers strengthen each other, while in
the antiparallel (AP) case with ¢ = 7 they compensate
each other. Therefore, we can expect that the critical
temperature in the P case to be lower than in the AP
case. However, is not always true because the interfer-
ence of superconducting correlations makes the situation
more complicated.

What happens with the spin-valve effect in AF/S/AF
structure with fully compensated S/AF interfaces (i. e.
with zero interface magnetization)? It may seem that
such a system is invariant with respect to reversal of
the direction of the Néel vector in one of the AF-layers.
Then there would be no physical difference between par-
allel and antiparallel configurations and, consequently, no
spin-valve effect. However, it was theoretically shown [98]
that the superconducting spin-valve effect can be realized
in AF/S/AF structures with insulating antiferromagnets
and fully compensated S/AF interfaces despite the ab-
sence of macroscopic magnetization in the AF layers. The
explanation is connected with the Néel triplet correlations
generated by the two S/AF interfaces. Reversing the di-
rection of the Néel vector in one of the AF-layers means
reversing signs of the amplitudes of the Néel correlations
generated by the corresponding S/AF interface. There-
fore, these correlations, analogously to the exchange fields
in spin valves with F-layers, can be added (subtracted)
inside the superconducting layer depending on the misori-
entation angle between the Néel vectors, thus suppressing
superconductivity more (less) strongly.

For describing the spin-valve effect in AF/S/AF sys-
tems with fully compensated interfaces it is convenient
to define the misorientation angle ¢ as it is shown in
figure 20. We perform a unified division of the entire
AF/S/AF structure into two sublattices and define the
misorientation angle as the angle between the magnetiza-
tions of two antiferromagnets at the same sublattice. Two
following subsections are devoted to the influence of the
chemical potential and impurities on the spin-valve effect
in AF/S/AF structures with insulating antiferromagnets.

5.1 Dependence of spin-valve effect in AF/S/AF heterostruc-

tures on chemical potential

In this subsection we discuss the influence of the chemi-
cal potential pg in the superconducting layer on the de-
pendence T.(¢) in the clean case with no impurities in S.

Figure 20. Sketch of the AF/S/AF system. Red and green ar-
rows show Néel-type magnetizations of the AF-layers. The unified
division into two sublattices with unit cells containing two sites be-
longing to A and B sublattices is also shown. The misorientation
angle ¢ is defined as the angle between the magnetizations of two
antiferromagnets at the same sublattice. The picture is adopted
from Ref. [78].
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Figure 21. Dependence of T, on the misorientation angle ¢ for
the AF/S/AF structure at half-filling (ug = 0). Different curves
correspond to the different dg values (all widths are measured in
the number of monolayers). All calculations were performed for the
following parameters: dap = 4, parp = 0, h = 0.5t, and Teo =
0.07t. The picture is adopted from Ref. [78].

According to our definition of the misorientation angle, it
seems reasonable to expect fulfillment of the relationship
TP < TAP [here TY = T.(¢ = 0) and TAY = T.(¢ = 7)),
since in the parallel case the Néel triplets generated by
the both S/AF interfaces are effectively summed up and
strengthen each other inside the S-layer. However, as it
will be clear from the following, away from half-filling
(s = 0) the opposite result 7.7 > TAP can be realized
depending on the width dg of the S-layer.

At first we consider the T.(¢) dependence calculated
in the case ps = 0 (figure 21). We can observe that
the spin-valve effect is well-pronounced and the relation
TP < TAP is fulfilled for all considered dg values. For
larger width of the S-layer the valve effect is reduced,
which follows from physical considerations: in the limit
ds > &5 (£s =~ 6 monolayers for the data presented in
this subsection) the valve effect should disappear because
the two S/AF interfaces do not feel each other and the
superconductivity suppression at each of them does not
depend on the direction of the Néel vector. The curve cor-

https://doi.org/10.64214 /jmsn.01.01004

01004-12

Bobkova et al., Mesoscience & Nanotechnology,
volume 1, issue 1, 01004 (2024)



dg =2 —

d5—8_

ds =13 ——

dg =14 ——

: % i o= An/—n
5

s ¢ s s
Figure 22. The same as figure 21 but calculated for pug = 0.2t.
The picture is adopted from Ref. [78].

responding to dg = 6 monolayers demonstrates that for
the system under consideration the absolute spin-valve
effect, corresponding to the full suppression of supercon-
ducting state for a range of misorientation angles, can be
realized.

Figure 22 corresponds to pug = 0.2t and demonstrates
that the relation between T and TP can depend on
the dg value. The reason is the finite-momentum Néel
triplet correlations, discussed in Section 4. The ampli-
tude of such correlations oscillates in the S layer with the
period Los. = mvp/|us|. Depending on the width of the
S layer the Néel triplets generated by the opposite S/AF
interfaces can interfere constructively or destructively in
the superconductor, which manifests itself in the oscillat-
ing behavior of the resulting Néel triplet amplitude for
a given ¢ upon varying dg. This physical picture is fur-
ther supported by the demonstration of the dependence
of T,(0,7) on dg presented in figure 23. The oscillations
of the difference T,(m) — T.(0) with the period Legc, ac-
companied by changing sign of the spin-valve effect (i. e.
the sign of T.(7) — T.(0)), are clearly visible.

Another interesting feature is the non-monotonous be-
havior of the T,.(¢) dependence (figure 22). The dip in the
critical temperature at ¢ close to m/2 can be explained
by generating of so-called cross product correlations with
the amplitude maximal at ¢ ~ 7/2. These are triplet
correlations determined by h; x h,, where h;, are the
Néel vectors of the sublattice A of the left and right AF-
layers, respectively, |h;| = |h,| = h. These correlations
are not of sign-changing Néel type and are usual equal-
spin triplet correlations. Its amplitude is equal to zero
at us = 0, what explains an absense of the dips in fig-
ure 21. In figure 22 the dip can be clearly seen only for
dg = 13 monolayers. For lower values of the S width the
cross product correlations are too weak to result in the
pronounced dip-like feature, as its amplitude is propor-
tional to dg/€s. For higher dg values the influence of the
cross product correlations is weakened due to a smaller
overlap of the Néel triplet correlations generated by the
opposite S/AF interfaces.
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Figure 23. Dependences T.(0) and T.(7) as functions of dg at
ns = 0.9t. The calculations were performed for the following pa-
rameters: darp =4, par = 0, h = t, and T¢o = 0.03¢t. The period
of the oscillations is Locs = mvp/us &~ 7. Four periods (minima
T.(dg) for ¢ = ) are shown on the plot by vertical blue lines. The
picture is adopted from Ref. [78].

5.2 Dependence of spin-valve effect in AF/S/AF heterostruc-
tures on impurities

It was shown [78, 98] that at heg = ha/ds < T, (here
a is the lattice constant of the superconductor in the z-
direction) the dependence T.(¢) takes the form

T. =T, + AT, cos¢+ AT, | sin? ¢,

where TC,” = (TC(O)—I—TC(71'))/27 ATQ” = (TC(O) —TC(W))/Q
is the "0 —n" spin-valve effect and AT, | = Tc(7/2) =T,
is the "perpendicular” spin-valve effect, corresponding to
the dips at the T.(¢) dependences at ¢ = 7/2. In this
subsection we discuss the influence of impurities in the
S layer on both 70 — «” and ”perpendicular” spin-valve
effects. The impurities are modelled as random changes
of the chemical potential ug at each site of the supercon-
ductor: p; = ps + O, Op; € [—dp,0p), therefore the
impurity strength is defined as du.

0)

0.0 .

0.00 0.05 0.10 0.15 0.20
o/t

Figure 24. Suppression of the spin-valve effect by impurities. The
difference AT, | is plotted as a function of the impurity strength
p. The difference is normalized to its value at . = 0. The dashed
line is a guide for the eye. All calculations were performed for the
following parameters: pugs = 0.9¢, uap = 0, h = t, dar = 4 and
dg = 20 monolayers, and T.o = 0.03t. The picture is adopted from
Ref. [78].

Figure 24 demonstrates the gradual disappearing of
the 70 — 77 valve effect AT, || under the influence of im-
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Figure 25. The difference AT, , normalized to its value at dp = 0
as a function of the impurity strength du. All parameters are the
same as in figure 24. The picture is adopted from Ref. [78].

purities. This is explained by the fact that the spin-valve
effect of this type is produced by the Néel triplets, which
appear due to interband electron pairing®* and therefore
are suppressed by impurities.

Figure 25 presents the dependence of the ”perpendic-
ular” spin-valve effect AT, | on the impurity strength.
We see that this effect tends to be insensitive to the pres-
ence of impurities. This can be considered as a proof
of its origin from equal-spin cross product triplet corre-
lations, which should be insensitive to impurities as they
are conventional (not Néel) triplets and correspond to the
intraband s-wave odd-frequency triplet electron pairing,
which is not suppressed by nonmagnetic impurities.

6 Andreev bound states at single impurities
in S/AF heterostructures

It is well-known that the Andreev bound states can occur
at single impurities in superconductors if the impurities
suppress superconductivity for a given system.?” In par-
ticular, magnetic impurities break the time-reversal sym-
metry and for this reason they are pair-breaking even for
conventional s-wave superconductors. Well-known spin-
split Yu-Shiba-Rusinov states occur at magnetic impuri-
ties. 1907192 They attracted much attention over the last
several decades,”® primarily due to the fact that on chains
of magnetic impurities they can form topological bands
due to overlapping of bound states at separate impuri-
tieg,103-105

It was recently demonstrated [77] that spin-splitted
impurity-induced Andreev bound states can also occur
in S/AF heterostructures with conventional intraband s-
wave pairing at nonmagnetic impurities. The system con-
sidered in Ref. [77] is sketched in figure 26 and represents
a thin-film bilayer composed of a superconductor and a
two-sublattice antiferromagnet. The general physical ar-
gument allowing for the bound state at a nonmagnetic
impurity in such a system is that the impurity can be
viewed as effectively magnetic, as it was already discussed
in Section 3.2. The spin of a particular bound state is de-
termined by the sublattice to which the impurity belongs,
see figure 26 for illustration.

Unit cell

Petr, A hex;/b»
AFLREEERE R

hy hp

Figure 26. Sketch of the S/AF bilayer with non-interacting im-
purities. Insulating two-sublattice antiferromagnet (AF) with stag-
gered exchange field h4 = —hp induces an effective staggered ex-
change field heg, 4 = —hes,B = heg via the proximity effect in the
adjacent thin superconductor (S). An impurity can occupy sites A
or B in the S layer. Both possible variants are shown by red balls.
LDOS of the Andreev bound states localized at the correspond-
ing impurity is shown schematically. The energy spectrum of the
bound states with the appropriate spin structure (red arrows) is also
shown above the corresponding impurity. The picture is adopted
from Ref. [77].

As it was shown in Ref. [77], the presence or absence
of the Andreev bound states at single nonmagnetic impu-
rities in S/AF bilayers is also very sensitive to the value of
the chemical potential u of the superconductor. It is the
third example of the remarkable sensitivity of the physics
of S/AF heterostructures to the value of the chemical
potential. For large values p > T,y, when the impu-
rities can be viewed as effectively magnetic, the bound
states exist. Energies of the bound states as functions
of the impurity strength are plotted in figure 27. It is
seen that at stronger staggered effective exchange field
hest the bound state is shifted deeper inside the supercon-
ducting gap region. For comparison the energies of the
Yu-Shiba-Rusinov bound states at a magnetic impurity
with the same strength in a conventional s-wave super-
conducting host are plotted by the dashed lines. Unlike
the case of magnetic impurity the nonmagnetic impuri-
ties in S/AF bilayers are not able to support low and
zero-energy bound states. In this sense one can say that
they are weaker pair-breakers as compared to the mag-
netic impurities. For small y < T, the bound states
do not appear because the impurities are not effectively
magnetic.””

The spatial region occupied by the bound state has a
scale of the order of the superconducting coherence length
&s. The exponential decay is superimposed by a power-
law suppression analogously to the case of magnetic impu-
rities in conventional superconductors.’® However, unlike
the magnetic impurities in conventional superconductors
here the local density of states (LDOS) has a ”staggered”
component, which oscillates between the sublattices. If
the impurity is localized at A-site, the bound state LDOS
is mainly concentrated at the B-sublattice everywhere ex-
cept for the atomic-scale region near the impurity site.
The spatial structure of the LDOS is shown in figure 28.

An interesting feature of the spatial structure of the
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Figure 27. Dependence of the energies of the bound states as a
function of the impurity strength Up normalized to the density of
states Np at the Fermi surface. Here p = 20A and A is the value
of the order parameter of the superconductor. The energy of the
bound state & is normalized to the value of the superconducting
gap EgS . Different colors correspond to the different heg values.
Dashed lines represent bound state energies at a magnetic impurity
with the same strength in a conventional s-wave superconductor.
The picture is adopted from Ref. [77].
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Figure 28. Local density of states N at the energy corresponding
to one of the bound states € = —|ep| as a function of coordinates.
The impurity is at A-site in the centre of the presented spatial
region. The picture is adopted from Ref. [77].

bound state LDOS is that the overall decay of the LDOS
and the ”staggered” oscillations associated with the sub-
lattice structure are also superimposed by oscillations of a
larger spatial scale compared to the atomic one, which is
nevertheless significantly smaller than the superconduct-
ing coherence length scale. These oscillations are due to
the generation of finite-momentum Néel-type triplet cor-
relations, which were discussed in Section 4. Here they
are produced due to the Umklapp electron scattering pro-
cesses at the impurities. The period of these oscillations
is Lose = mup/+/ 12 — h?. Data presented in figure 28 are
calculated at h = 1.5t and p = 2t, giving us Los. =~ 4a,
what is in agreement with the additional oscillation pe-
riod seen in the figure.

The presence of the Andreev bound states at single
nonmagnetic impurity in S/AF bilayers is in agreement
with the behavior of the superconducting critical tem-
perature of such systems in the presence of random dis-
order, which has already been studied® and discussed

in Section 3. At pu < T, the nonmagnetic impurities
are not pair-breaking and they enhance superconductiv-
ity of S/AF bilayers due to the suppression of the Néel
triplet correlations.>*3% On the contrary, if u > T.q the
superconductivity is suppressed by random nonmagnetic
disorder.'”19:3% The same sensitivity to the value of the
chemical potential occurs in the problem of a single im-
purity: the bound states only exist at p > T.y, when
superconductivity is suppressed by impurities.

7 Néel triplets in the presence of spin-orbit
interaction

Many studies are devoted to the interplay of conventional
correlations and spin-orbit coupling (SOC) in S/F hybrid
structures.'% 196112 Tt was predicted and observed that
SOC in S/F bilayers can produce an anisotropic depair-
ing effect on triplets. One of the manifestations of the
anisotropic depairing is that the critical temperature T,
of the bilayer depends on the orientation of the F layer
magnetization with respect to the S/F interface.!!2 115
This behavior is interesting not only from a fundamen-
tal point of view, but also for spintronics applications
because there is a possibility for a reciprocal effect: re-
orientation of the F-layer magnetization due to super-
conductivity.''¢118 The possibility to control magnetic
anisotropy using superconductivity is a key point in de-
signing cryogenic magnetic memory and spintronics ap-
plications in near future.

In this section we discuss anisotropic effect of the
Rashba SOC on the Néel triplets in S/AF thin-film bilay-
ers. The key feature is that in addition to the anisotropic
depairing of the triplet correlations known in S/F hybrids,
a unique effect of anisotropic enhancement of the triplets
by the SOC occurs in the S/AF case. We discuss the
physical mechanism of the effect and demonstrate that
it can manifest itself in opposite trend in the anisotropy
of the superconducting transition as compared to S/F
heterostructures. The SOC results in the depairing or
enhancement of the Néel triplets depending on the value
of the chemical potential of the superconductor and it is
the fourth physical manifestation of the strong sensitivity
of the physics of S/AF hybrid structures to the value of
the chemical potential.

7.1 Anisotropy of the Néel triplets and T,

The anisotropic effect of the Rashba SOC was considered
in Ref. [119] by an example of a thin-film S/AF bilayer,
where the antiferromagnet is assumed to be an insulator
(figure 29). The SOC is induced in the S layer by proxim-
ity to a heavy metal layer like Pt (shown as the SO layer
in figure 29). The SOC can also be due to the inversion-
symmetry breaking in the S film by itself. The mag-
netism is staggered. The S/AF interfaces were assumed
fully compensated (i. e., the interface magnetization has
zero average value). The influence of the antiferromag-
netic insulator on the superconductor was described by
the exchange field heg ; = (—1)=Fi=heg.
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Figure 29. Sketch of the thin-film S/AF bilayer with SOC. The
Néel vector of the AF makes angle § with the plane of the structure.
0 = 0 corresponds to the in-plane (IP) and 6 = /2 accounts for
the out-of-plane (OOP) orientations. Unit cell with two sites A and
B is also shown. The picture is adopted from Ref.11?
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Figure 30. a, b — Critical temperature of S/AF (solid curves)
and S/F bilayers (dashed) as a function of the effective exchange
field heg. Panels a and b correspond to pu = 1279 and pu = 0,
respectively. Green curves represent the results with no SOC, red
and blue curves are for out-of-plane (OOP) and in-plane (IP) ori-
entations, respectively, and Vi = 0.4t is the Rashba SOC strength.
The picture is adopted from Ref. [119].

Figure 30 shows the dependences T, (heg) for S/AF
structures with in-plane (IP) and out-of-plane (OOP) ori-
entations of the Néel vector. They have been compared to
Te.(hesr) of the S/F system with the same absolute value
of the effective exchange field heg (conventional, not stag-
gered). First, it is seen that while for S/F heterostruc-
tures T is always higher in the presence of SOC (dashed
curves), for S/AF heterostructures the trends are oppo-
site for large p > T.o and small p < T.o. At small p
the behavior of T, is qualitatively similar to the case of
S/F bilayers, and at large u it is opposite: the presence
of SOC suppresses Tk.

Furthermore, in the presence of SOC T, becomes aniso-
tropic and it depends on the angle # between the mag-
netization and the interface plane. For S/F heterostruc-
tures T, is always higher for the OOP orientation (dashed
curves).!127 115 At the same time for S/AF heterostruc-
tures the ratio between the values of T, for both IP and

OOQP orientations is again opposite for large p > T, and
small p < Too. At p < Ty for S/AF heterostructures
the ratio between T, for both IP and OPP orientations is
the same as for the S/F case. At p > T the anisotropy
of the critical temperature (in the other words, the dif-
ference between T, for the IP and OOP orientations) is
opposite.

7.2 Physical mechanism of the T, anisotropy

Here we discuss the physical reasons of the numerical find-
ings described in the previous subsection. First of all, as
it was already discussed in Section 2.5, if u < 77,9, then
the most important contribution to the pairing correla-
tions is given by the electronic states corresponding to
&+ =~ 0. This means that the electrons are at the edge of
the antiferromagnetic gap and, therefore, practically fully
localized at one of the sublattices. Consequently, they
only feel the magnetization of the corresponding sublat-
tice and behave in the same way as in the ferromagnet.
For this reason our results at y < 77T, demonstrate the
same trends as the corresponding results for S/F struc-
tures. It is well-known that in S/F heterostructures the
critical temperature is higher for OOP magnetization ori-
entation than for the IP magnetization'!® due to the fact
that SOC suppresses triplets oriented OOP more than
triplets oriented IP. The same is observed in figure 30b
for S/AF bilayers with g = 0. Moreover, the SOC al-
ways suppresses triplets and, correspondingly, enhances
T.. The same is seen in figure 30b for S/AF heterostruc-
tures.

The opposite trend at p > T,y is due to the exis-
tence of a unique mechanism of generation of the Néel
triplet correlations in S/AF heterostructures, which dif-
fers from the mechanism of the direct singlet-triplet con-
version known in S/F heterostructures. The Néel triplets
are generated via the normal state Néel-type spin polar-
ization of the DOS.1? Up to the leading order in heg /|
and hr/|u| the Néel-type polarization of the normal state
DOS along heg and at the Fermi surface takes the form

Pl = —-PP =2Np (hﬁ + W) . (6)

I 1

where Np is the normal-state DOS at the Fermi surface
of the isolated superconductor, hr x Vz(e, X vp) is the
effective Rashba pseudomagnetic field acting on an elec-
tron moving along the trajectory determined by the Fermi
velocity vp and ¢ is the angle between he.g and hgr. It
is seen that (i) the absolute value of the polarization is
always enhanced by the SOC and (ii) the enhancement is
anisotropic. It reaches maximal possible value for all the
trajectories for out-of-plane orientation of heg because
hp is always in-plane. The reason for the described above
enhancement is the specific reconstruction of normal state
electron spectra under the influence of the SOC.119

In S/F heterostructures the effective exchange field
heg is also generated in the superconductor due to prox-
imity with a ferromagnetic insulator. It results in the
occurrence of the normal state polarization of the DOS
of conventional type P ~ Ng(heg/er) < Np. However,
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this polarization is always very small, because the effec-
tive exchange induced in the superconductor cannot be
higher than the superconducting order parameter,”’ other-
wise it completely suppresses superconductivity. There-
fore, in S/F bilayers this quantity does not play a sig-
nificant role in the generation of triplets. At the same
time, the Néel type polarization, described by Eq. (6) is
not necessary small and provides a generator for the Néel
triplets. The enhancement of the Néel type polarization
of the normal state by SOC leads to the enhancement of
the Néel-type triplet correlations in S/AF structures. It
was obtained in Ref. [119] that at p > T, up to the lead-
ing order in heg/|p| and hgr/|p| the anomalous Green’s
function of the Néel-type triplet correlations takes the
form:

Y =sgnw - <ZA:;H + 3iAlhr X/Eileﬁ x hR)]> , (7

where w is the Matsubara frequency. The component
of f¥ along the effective exchange field heg, which ac-
counts for the suppression of the critical temperature by
the triplets, takes the form:

Rt <m N 3iAh% sin? qs)
po\ p 3 '

)

fh =sgnw- (8)
Thus, the amplitude of the Néel triplet correlations qual-
itatively follows the normal state Néel polarization and it
is also enhanced by the SOC. The effect of the enhance-
ment is the strongest for the OOP orientation correspond-
ing to ¢ = /2.

8 Conclusions

In this review we discussed the physics of Néel triplet
proximity effect in S/AF heterostructures, which was stud-
ied in a number of recent papers. The main findings can
be summarized as follows:

o At S/AF interfaces unconventional triplet correla-
tions are generated. The amplitude of the cor-
responding pair wave function flips sign from one
site of the materials to the nearest one following
the Néel structure of the antiferromagnetic order
parameter. The correlations can occur in super-
conductors due to proximity to the antiferromag-
netic insulators and metals and penetrate into anti-
ferromagnetic metals from superconductors. They
are generated even at fully compensated S/AF in-
terfaces with zero net magnetization of the inter-
face. These triplet correlations were called the Néel
triplet correlations.

o The Néel triplets suppress superconductivity. The
efficiency of the suppression is of the same order
and frequently a bit stronger than the suppression
by the conventional proximity-induced triplet cor-
relations in S/F heterostructures.

o The mechanism of the Néel triplets generation dif-
fers from the well-known direct singlet-triplet con-
version in S/F heterostructures. They are produced

via the effect caused on the singlet superconduct-
ing correlations by the Néel-type normal state elec-
tron polarization, induced in the superconductor
by proximity to the AF. This mechanism results in
the opposite as compared to S/F heterostructures
trends in the anisotropy of the critical temperature
of S/AF heterostructures in the presence of SOC.

The higher the Néel exchange field of the AF or
proximity-induced effective exchange field in the S
the stronger the amplitude of the Néel triplets, is.
At the same time, unlike S/F heterostuctures the
amplitude of the Néel triplet correlations is very
sensitive to the value of the chemical potential in
the material, where they are induced. Deviation
from half filling suppresses the amplitude of the
Néel triplets for a given value of the Néel exchange
field.

Near half-filling the Néel triplets are interband, and
far from half-filling they are intraband. It results
in very different response of the Néel triplet cor-
relations on the nonmagnetic impurities: near half-
filling the Néel triplets are suppressed by impurities
and far from half-filling they are immune to impu-
rities.

The above behavior of the Néel triplets in the pres-
ence of nonmagnetic impurities leads to very dif-
ferent dependencies of the critical temperature of
S/AF bilayers on the impurity strength: near half-
filling the impurities enhance the critical tempera-
ture, and far from half-filling they suppress it. The
second tendency is caused by an additional mecha-
nism: far from half-filling the nonmagnetic impuri-
ties in S/AF heterostructures behave like effectively
magnetic and suppress singlet superconductivity by
themselves.

The effective magnetic character of the nonmag-
netic impurities in S/AF heterostructures leads to
the occurrence of the spin-split Andreev bound states
at single impurities, which are reminiscent of well-
known Yu-Shiba-Rusinov bound states at magnetic
impurities in superconducting materials, but occur-
ring at nonmagnetic impurities.

The Néel triplet correlations provide a possibility
to realize a spin-valve effect in AF/S/AF trilayers
even with fully compensated interfaces.

Due to the lost of the translational invariance at
S/AF interfaces and/or at single nonmagnetic im-
purity a finite-momentum Néel triplet pairing can
occur. It results in (i) the oscillations of the critical
temperature of S/AF bilayers with metallic anti-
ferromagnets as a function of the thickness of the
AF layer, (ii) peculiar oscillations of the impurity-
induced DOS around nonmagnetic impurities, and
(iii) sign inversion of the spin-valve effect in
AF/S/AF trilayers upon varying the width of the S
layer.

Unlike S/F heterostructures the physics of S/AF
heterostructures is crucially sensitive to the value
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of the chemical potential. Two physically very dif-
ferent regimes can be identified near half-filling and
far from half-filling. In particular, the dependence
of the critical temperature of S/AF heterostruc-
tures on impurity concentration is opposite in these
regimes, the dependence of the critical temperature
of heterostructures with canted AFs on the cant-
ing angle is also opposite, the same applies to the
magnetic anisotropy in S/AF heterostructures with
SOC and to the formation of the Andreev bound
states at single nonmagnetic impurities.

It could be especially interesting to study the de-

scribed effects in heterostructures composed of antifer-
romagnets and 2D superconductors because of possibility
of external control of the chemical potential.
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he extensive development of the field of spiking neural networks has led to many areas of research that have
a direct impact on people’s lives. As the most bio-similar of all neural networks, spiking neural networks not
only allow for the solution of recognition and clustering problems (including dynamics), but they also contribute to
the growing understanding of the human nervous system. Our analysis has shown that hardware implementation
is of great importance, since the specifics of the physical processes in the network cells affect their ability to
simulate the neural activity of living neural tissue, the efficiency of certain stages of information processing,
storage and transmission. This survey reviews existing hardware neuromorphic implementations of bio-inspired
spiking networks in the ”semiconductor”, "superconductor”, and ”optical” domains. Special attention is given
to the potentials for effective " hybrids” of different approaches.
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1 Introduction

The last decade has demonstrated a significant increase
in interdisciplinary research in neuroscience and neurobi-
ology (this was reflected even in the decisions of the Nobel
Committee"? in 2024). The convergence of mathemat-
ics, physics, biology, neuroscience and computer science
has led to the hardware realisation of numerous models
that mimic the behaviour of living nervous tissue and
reproduce characteristic neural patterns. Spiking neural
networks (SNNs) have played a crucial role in these fields
of knowledge. In these networks, neurons exchange short
pulses (about 1-2 ms for bio-systems) of the same am-
plitude (about 100 mV for bio-systems).®* SNNs come
closest to mimic the activity of living nervous tissue (ca-
pable of solving surprisingly complex tasks with limiting
resources) and have the greatest biosimilarity and bioin-
spirability.

Spiking neural networks use a completely distinct
method of information transfer between neurons: they
encode input data as a series of discrete-time spikes that
resemble the action potential of biological neurons. In
fact, the fundamental idea of SNNs is to achieve the clos-
est possible biosimilarity and use it to solve specific tasks.
These problems can be roughly divided into two groups:
the first group is focused on solving traditional neural
network challenges, with more emphasis on dynamic in-
formation recognition (speech, video), while the second
group is aimed at imitating the nervous activity of liv-
ing beings, reproducing characteristic activity patterns,
recreating the work of the human brain. Currently, there
is an ambitious project that aims to create a full-fledged
artificial mouse brain.® Moreover, the second group in-
cludes such tasks as: using motor biorhythms for neu-
ral control in robotics,%® controlling human movements
(bioprosthetics, functional restoration of mobility),” un-
derstanding learning processes and memory effects,'012
creating brain-computer interfaces,'3 17 etc.

Therefore, hardware development of bio-inspired SNN
is very vital and promising. For this reason, it is cru-
cial to recognise the current progress and conditions for
the development of this field, taking into account the im-
mense amount of information that is growing every day.
Moreover, in terms of signalling, SNN is better suited to
hardware implementation than artificial neural network
(ANN), since neurons are only active at the time when
a voltage spike is generated, which reduces the overall
power consumption of the network and simplifies compu-
tation.

Figure 1 illustrates the intensification of work on the
topic over the last decades. This is the period with a sig-
nificant increase in publication activity. Here we show the
analysis of publication activity (indexed in Dimensions
and OpenAlex databases) on the topic of spiking neural
networks and on the topic of spiking neural networks fil-
tered by the keywords ’bio-inspired’. Since around 2016,
there has been a significant increase in interest in the
topic of spiking neural networks as well as in the topic
of bio-inspired networks. All studies presented in these
publications have been carried out for different implemen-
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Figure 1. The histograms illustrating the number of the publi-
cations based on data from Dimensions and OpenAlex databases
from a search on the topic ”spiking neural network” (light-blue his-
togram) and a search filtered by the keyword “bio-inspired” (light-
green histogram), presented retrospectively from the year 2000.

tations of SNNs: software, CMOS (especially memristor-
based), superconducting, optical, and hybrid ones.

In this paper we review the advances in different hard-
ware directions of bio-inspired spiking neural network evo-
lution and provide a brief summary of the future of the
field, its advantages, challenges, and drawbacks. Further-
more we have reviewed the basic software implementa-
tions of SNNs.

The first part of this review is devoted to the math-
ematical foundations of bio-inspired spiking neural net-
works, their idea and software realisation. The second
part is dedicated to the CMOS-based bio-inspired neu-
romorphic circuits, where we have talked about semicon-
ducting and memristive realisations. The third part is
devoted to superconducting realisations, not of the whole
network, but of its elements and some of its functional
parts. Finally, we have considered bio-inspired elements
for optical neuromorphic systems and provide a brief dis-
cussion of each area of activity as well as a general con-
clusion on the evolution of bio-inspired neuromorphic sys-
tems.

The brief conclusion is that there is no single approach
that has overwhelming advantages at the current mo-
ment, and it is quite likely that the necessary direction
of development of the field has not yet been found. How-
ever, we can already say with certainty that the hybrid
approach can provide some success in the formation of
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complex deep spiking neuromorphic networks.

2 Mathematical fundamentals of bio-inspired
spiking neural networks

A spiking neural network is fundamentally different from
the second generation of neural networks: instead of con-
tinuously changing values over time, such a network works
with discrete events (chains of events) that occur at spe-
cific points in time. Discrete events are encoded by im-
pulses (spikes) received at the input of the neural network
and processed by it in a specific way, as shown in figure 2.
The output of such a network is also a sequence of spikes,
encoding the result of the network’s activity. In a real
neuron, the transmission of impulses is described by dif-
ferential equations that correspond to the physical and
chemical processes of action potential formation. When
the action potential reaches its threshold, the neuron gen-
erates a spike and the membrane potential returns to its
initial level, see figure 2a. An accurate representation of
neuronal activity and its response to various input signals
requires a general mathematical model that describes all
the necessary processes associated with its spike activ-
ity and action potential formation, while remaining suffi-
ciently simple for its successful use in various applications.

2.1 Mathematical models of bio-inspired neurons and net-
works

Hodgkin-Huxley model

The discussion of applications begins with the simplest
and most studied software implementations of SNNs: the
most popular way to describe the initiation and propaga-
tion of action potentials in neurons is the Hodgkin-Huxley
(HH) model.!8

The HH model is treated as a conductance-based sys-
tem where each neuron is a circuit of parallel capaci-
tors and resistors'? and describes how action potential
in nerve cells (neurons) is emerged and propagated. Ba-
sically, the HH model contains?® four components of the
current flowing through the neuron membrane, formed by
lipid bilayer and possessing of potential V,,,: the current
flowing through the lipid bilayer (I.), currents flowing
through the ion channels (In, and Ix), and the leakage
current (I;). The lipid bilayer — nerve cell membrane — is
introduced in the form of the capacitance C,,, ion-gated
channel — by the conductance g; (where i is a correspond-
ing ion) per unit area and leakage current introduced by
the conductance g; per unit area. Thus, for a cell model
that contains only sodium and potassium ion channels,
the total current flowing through the membrane is de-
scribed by the following equation

AV,

1=0C, o7

+ 9k (Vi — Vi) + gNa(Vin — Via)
+ gl(vm - Vl) (1)

Of course, the biochemical processes in the living nerve
cell are more complicated and therefore the HH model
could be modified by adding extra terms for other ions

(a) Biological neuron
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Figure 2. a — Illustration of a biological neuron and its operating
principles. b — Conventional ANN operating principle (top) and
output representation (bottom). The input vector is processed by
multiplying the input vector by the corresponding weight vector
(denoted W) and then passing it to the activation function. Out-
put values are represented in floating-point numbers that can be
processed at the software level. ¢ — Operating principle of a spik-
ing neural network (top) and output representation (bottom). The
input signal is processed by the hardware implementation of the
neuron. Output values are represented in spike trains, which dif-
fer in the emission time of each spike and the overall density, and
also serve as inherent memory. These images were adapted from
Ref. [21] and recomposed by authors.

(C1~ or Cat™t, for example) or by using non-linear con-
ductance models (g; = f(¢,V)) instead of constant values.

Izhikevich model

One of the most computation-efficient and simultaneously
accurately representative for neurons’ activity is the
Izhikevich model. According to Ref. [23], bifurcation
methodologies?? enable us to reduce many biophysically
accurate Hodgkin-Huxley-type neuronal models to two-
dimensional (2D) system of ordinary differential equa-
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Figure 3. Electrical analog of the Hodgkin-Huxley model (this
figure is adapted from Ref. [22]). The capacitance Cy, represents
a lipid bilayer — neuron membrane with potential V;,. Non-linear
electrical conductances resemble voltage-gated ion channels g+
and gn,+, While greqr corresponds to the leakage channel. Pa-
rameters Ey,+, Fg+, and Epeq) correspond to the reversal ions
potentials and leak reversal potential, respectively.

tions

{@ = 0.040% + 50 4+ 104 — u + I,

i =a(bv—u),
with the auxiliary after-spike resetting

v ¢,
u<4—u+d.

if v>30mV, then { (3)

Here, v and u are variables, a, b, ¢, and d are parame-
ters, and dot notation is time derivative. Neuron’s mem-
brane potential and recovery are described by v and wu,
and when v reaches its maximum value of +30mV, u
is restored, see Eq. (3). They are affected by the pa-
rameter b which describes recovery variable sensitivity to
sub-threshold fluctuations of v, promoting possible low-
threshold oscillations when increased. The case b < a
(b > a) corresponds to saddle-node (Andronov-Hopf) bi-
furcation of the resting state.?> Variable u is also affected
by the parameter a which stands for the time scale of the
variable, speeding up or slowing down recovery, and the
parameter d, which is responsible for after-spike reset of
u caused by slow high-threshold Na® and K* conduc-
tances. Fast high-threshold KT conductances affect on v
is expressed in the remaining parameter ¢, that describes
the after-spike reset value of v.

The combination 0.04v% + 5v + 140 provides scaling
for membrane potential v to mV and ms scales and was
derived from fitting the initiation dynamics of the spike.
The resting potential in the model?? is between —70 and
—60mV depending on the b parameter. But in real prac-
tice, the model does not have a fixed threshold, depending
from the value of v before the spike formation.

Leaky Integrate-and-Fire Neuron Model

The really frequently used hardware model is implemented
on principles of so-called Leaky Integrate-and-Fire (LIF)
neurons. Such neurons, whose membrane potentials V

evolve at time step ¢ according to some variation of the
following dynamics, described in following manner:2°

V[t = AV[t — 1] + WX[t] — S[t]Vin, (4)

where X\ € [0,1) is a membrane leakage constant, X is an
input (i.e., an external stimuli to the network or the spik-
ing activity from another neuron), W is a weight matrix,
and the binary spiking function

1, if V
0, otherwise.

is a function of the threshold voltage V;,.

2.2 Coding information in SNN

The brain of a living being processes a wide variety of in-
formation, which can come from different sensory organs
as well as signals from the nervous system of different
internal organs. How does the brain understand which
signal comes from the optic nerve and which from the au-
ditory nerve, for example? There are different ways of en-
coding incoming information, processing it by a specially
trained neural network (a specific area in the brain) and
interpreting the results of the processing. In other words,
there are ways of encoding input and output signals. And
both are very important: in the first case, the informa-
tion is encoded so that the system can work with it, and
in the second case, so that the general decision-making
centre (the brain) can perceive or handle the processed
information. Two types of coding are generally used in
artificial SNNs: rate coding and temporal (or latency)
coding, although there are others.?”

Rate coding converts input information intensity into
a “firing” rate or spike count. For example, a pixel in
some image, that has a specific RGB code and bright-
ness, can be converted or coded into a Poisson train —
a sequence of spikes, based on this information (infor-
mation of its intensity). There are several types of rate
coding: count rate coding, density rate coding and popu-
lation rate coding. In terms of output interpretation, the
processing centre will select the one that has the highest
“firing” rate or spike count at a particular point in time.

Another natural principle of information coding is a
temporal (or latency) coding. One converts input inten-
sity to a spike time, referring to spike timing and paying
attention to time moment when the spike has occurred.
The spike weighting ensures that different “firing” times
lead to different amount of information. The earlier a
spike arrives, the larger weight it carries, and the more
information it transmits to the post-synaptic neurons. In
terms of output interpretation, the processing centre se-
lects the signal that, by a certain point in time, came first
(selects the signal from that output neuron among other
output neurons that fused first).

There is also another type of information coding called
delta modulation. This type of coding consists of convert-
ing the incoming analogue information signal into a spike
train of temporal changes in signal intensity (magnitude).
For example, if the input signal is increasing, the network
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input will receive spikes at a certain frequency, which de-
pends on the rate of increase of the signal (its derivative):
the faster the signal increases in time, the more frequent
the spikes is. Conversely, the signal decreasing will be
accompanied by the absence of spikes.

2.3 SNN learning techniques

The complex dynamics of spike propagation over SNNs
makes it difficult to design a learning algorithm that gives
the best result. Currently, there are three main types of
methods for training spiking neural networks, as referred
in Ref. [27]: shadow training, backpropagation on spikes
training and training based on local learning rules.

Shadow training

The idea of this shadow training technique is to use the
training algorithms of a conventional ANN to build a
spiking network by converting a trained ANN into a
trained SNN. This process takes place as follows: first, the
conventional ANN is trained, then the activation function
of each neuron in the ANN is replaced by a separate oper-
ator that non-linearly transforms the signal incoming to
the neuron by the spike frequency or by the delay between
spikes. For example, conversion process from convolu-
tional neural network to SNN can be done by manually
reprogramming convolution kernel for spike train inputs
in order to make the SNN produce the same output as
the trained convolutional neural network (CNN).2® At the
same time, the net weights remain the same.

The main advantage of this training process is that
the most of the time we deal with an ANN, with all of its
benefits of training conventional neural networks. Such
approach is used in tasks related to that of ANNs that
aimed to image classification. Despite that, the process of
converting activation functions into spike trains usually
requires a large number of simulations time steps which
may deteriorate the initial idea of spiking neuron energy
efficiency. And, the most important one, is that con-
version process is doing an approximation of activation,
negatively affecting the performance of a SNN. The last
further confirms the fact that other learning algorithms
need to be developed to train SNNs, till then SNNs will
remain just a shadow of ANNs.

Backpropagation training

Backpropagation training algorithm for ANNSs can also be
implemented for SNNs by calculating gradients of weight
change for every neuron. Implementations of this algo-
rithm for SNNs may vary since, according to original
ANNSs backpropagation the learning requires to calculate
the derivative of the loss function. And as we know, the
uses of derivative over spikes is not the best idea, be-
cause spikes generation depends on membrane threshold
potential as a step-function and the derivative becomes
infinite. To avoid this, backpropagation techniques for
SNN take other neuron output signal parameters into ac-
count, i.e. backpropagation method using spikes utilises

changes of spike timing rate according to the network
weights change.

Backpropagation method has several advantages, such
as the high performance on data-driven tasks, low energy
consumption, and high degree of similarity with recur-
rent neural networks in terms of training process. De-
spite the similarity with well-established ANN backprop-
agation method, the drawbacks of backpropagation for
SNNs method consist of several subjects. First of all,
this method can not fully replicate effectiveness of op-
timising a loss function, meaning that there is still an
accuracy gap between SNNs and ANNs, which remains
to be closed up for today. Additionally, once neurons be-
come inactive during the training process, their weights
become frozen.

In some cases, there are alternative interpretations of
this algorithm, for example, such as the forward propa-
gation through time? (FPTT) which is used for recur-
rent SNN training. This algorithm is devoid of many
drawbacks that follow conventional backpropagation al-
gorithm, removing the dependence on partial gradients
sum during the gradient calculation. The most peculiar
feature of this algorithm is that along with regular loss it
computes dynamic regularisation penalty, which is calcu-
lated on previously encountered loss value, transforming
recurrent nertwork training to resemble feed-forward net-
work training.

Local learning rules

Neurons are trained locally, treating local spatially and
temporary signal as an input for a single neuron’s weight
update function. Namely, backpropagation technique deals
only with finite sequences of data, restricting the tempo-
ral dependencies that can be learned. This algorithm also
tries to compute gradients as it is done in backpropaga-
tion, but does it through the computations that make
these gradient calculations temporally local. However,
this algorithm demands significantly more computations
in comparison with backpropagation, which rejects the
possibility of this algorithm to replace conventional back-
propagation despite being more biologically plausible.

The constraint imposed on brain-inspired learning al-
gorithms is that the calculation of a gradient should, like
the forward pass, be temporally local, i.e. that they only
depend on values available at either present time. To ad-
dress this, learning algorithms turn to their online coun-
terparts that adhere to temporal locality. Real-time re-
current learning®® (RTRL) proposed back in 1989 is one
prominent example.

2.4  Towards hardware implementations of SNN

To extend the understanding of the concept of how spik-
ing neural networks work, in this section we will review
a schematic process of solving the problem of exclusive
OR (XOR) logical operator with a SNN on an example
presented in Ref. [31]. Since XOR is considered a fairly
simple logic gate, it will serve as an excellent demonstra-
tion of SNN training and operation. In fact, operating
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with SNNs has almost the same challenges as in training
ANNSs: for example, which data representation to choose
to effectively describe the problem, what structure should
the network have, how to interpret the network output
and so on. That is, we should guide our approach to a
certain problem in the same way as it is done in ANNs
on the general scope, including the XOR problem.

The training process for the chosen task can be sepa-
rated into several steps:

e Neuron model
Due to low complexity of this task, it is most effi-
cient to use a simple neuron model as well. In that
case, the LIF model suits this problem the best be-
cause its easy to control and does not produce un-
wanted complexity.

e Data representation

Since we test the possibility of creating a network
of spiking neurons to perform logic gate operations,
the input data can be simply labeled in two in-
puts. Each input has to carry its own represen-
tative frequency in order to be separable for the
network. Taking these statements into account, we
can (for example) define the frequency input values
as 25 Hz for the Boolean Zero (“0”) and 51 Hz for
the Boolean One (“17). These values are chosen
as they are decisively different from each other and
can be clearly represented visually.

e Structure
The neural network structure represents the logic
gate as follows: two input neurons that encode any
combination of “0” and “1”, hidden layer neurons
represent any possible combination of 0’s and 1’s,
and output layer produces the predicted output, as
shown in figure 4.

Figure 4. SNN architecture for the XOR problem solving (this
figure was adapted from Ref. [31]). Input neurons A and B can re-
ceive any combination of “0” and “1”. Each RF block demonstrates
Receptive Field application to neuron input/output. The number
on hidden neurons layer represent the combination of “0” and “1”
they implied to respond to.

e Receptive fields filter (RFF)
To strengthen the response for designated frequen-
cies for the corresponding neurons, RFF is added
to every hidden layer neurons’ connections. Adding
the RFF helps neurons to detect particular frequen-
cies, filtering the ones that are outside their re-

Yo0)?/d%,) where k;; is a scalar variable which will
modify the output spike train frequency of the re-
lated neuron, x,, is the operating frequency of the
RFF, yo is the input spike train frequency to the
RFF and d,, denotes the width of the RFF, allow-
ing the filter to distinguish more frequencies.

e Input encoding

The input frequencies are encoded into linear spike
trains, i.e. the value of the distance between the
action potentials, known as the inter-spike interval
(ISI), is treated to be a constant. The network was
designed to take advantage of the precise timing
between action potentials. If the ISIs on input A
are synchronised with the ISIs on input B, it means
that both inputs have identical frequency.

e Training

Usage of RFF is an effective and biologically plausi-
ble way to reduce complexity and fault vulnerability
in this problem. Because of that, as well as small
number of neurons, manual fine-tuning of thresh-
olds and weights will be enough to train the network
to produce accurate results, successfully recognising
all possible XOR combinations. However, upon in-
creasing the size of the network, implementing one
of network training algorithms will be inevitable.

For conclusion to this example it is important to high-
light that one should pay attention to training process
workflow and investigate the problem deeply to be able
to recognise all the obstacles that may be encountered
during training (i.e. in the XOR problem proper sig-
nal frequency interpretation would not be possible with-
out RFF). Considering the training workflow, the most
important parts of this are the neuron model and in-
put/output coding, since it can determine crucial aspects
of problem interpretation from network implementation’s
point of view. Conversely, network training algorithms
for weights optimisation play lesser role in this process,
because they can only affect computational complexity
to be performed and their influence on results accuracy
becomes noticeable only if the task implies implementing
state-of-art network or results close to it.

3 CMOS-based bio-inspired neuromorphic
circuits

The last decades of electronics and electrical engineer-
ing are clearly associated with the development of the
conventional complementary metal-oxide-semiconductor
(CMOS) technology.3%33 Semiconductors are well estab-
lished in many devices that we use 7 days a week, all
year round. It is therefore not surprising to see varia-
tions in the hardware implementation of SNNs based on
semiconductor elements. Globally, all CMOS SNN im-
plementation options can be divided into two parts, with
the focus on either transistors or memristors. Examples
of semiconductor implementations of neuron circuits are
shown in figure 5. Two CMOS solutions for implement-

sponse range. The RFF formula®! is k;j = exp(—(xm— ing the functions of the single neuron model developed by
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IBM (for TrueNorth) and Stanford University (for Neuro-
grid) are presented here. In both cases, the realisation of
the functions of even a single neuron (more precisely, the
neuron soma) requires the involvement of a large number
of elements.

3.1 Silicon-based neuron: operation

As might be expected, the realisation of spike sequence
generation in CMOS technology differs from the way it
is done in software models. Since semiconductor circuits
operate with voltage levels, generating a spike as a non-
linear voltage response requires some tricks. To better
understand how SNNs work at the hardware level and
how spike formation occurs, let us briefly review the op-
eration of the basic elements of such networks, which are
isomorphic to ion-gated channels.3? 36

Realisation of ion-gated mechanisms

The goal of creating semiconductor models of neuromor-
phic spiking neural networks is to reproduce the biochem-
ical dynamics of ionic processes in living cells. The first
step is to reproduce the ion-gated channels responsible
for the different voltage response patterns. The HH neu-
ron model discussed above is essentially a thermodynamic
model of ion channels. The channel model consists of a
number of independent gating particles that can adopt
two states (open or closed) which determine the perme-
ability of the channel. The HH variable represents the
probability that a particle is in the open state or, in pop-
ulation terms, the fraction of particles in the open state.

In a steady state, the total number of opening par-
ticles (the opening flux, which depends on the number
of closed channels and the opening rate) is balanced by
the total number of closing particles (the closing flux).
A change in the membrane voltage (or potential) causes
an increase in the rate of one of the transitions, which in
turn causes an increase in the corresponding flux of par-
ticles, thereby modifying the overall state of the system.
The system will then reach a new steady state with a new
ratio of open to closed channels, thus ensuring that the
fluxes are once again in equilibrium.

This situation becomes even clearer if we consider it
from the perspective of energy balance. Indeed, a change
in the voltage on the membrane is equivalent to a change
in the electric field across it. Then the equilibrium state
of the system depends on the energy difference between
the particles in the different states: if this difference is
zero and the transition rates are the same, the particles
are equally distributed between the two states. Other-
wise, the state with lower energy will be preferred and
the system will tend to move to it. Note that in the HH
model, the change in the population of energy states is ex-
ponential in time. A similar situation is with the density
of charge carriers at the source and drain of the transistor
channel, the value of which also depends exponentially on
the size of the energy barriers. These energy barriers ex-
ist due to the inherent potential difference (electric field)
between the channel and the source or drain. Varying

the source or drain voltage changes the energy level of
the charge carriers.

The similarity of the physics underlying the operation
of neuronal ion channels and transistors allows us to use
transistors as thermodynamic imitators of ion channels.
In both cases, there is a direct relationship between the
energy barrier and the control voltage. In an ion chan-
nel, isolated charges must overcome the electric field gen-
erated by the voltage across the membrane. For a tran-
sistor, electrons or holes must overcome the electric field
created by the voltage difference between the source, or
drain, and the transistor channel. In both of these cases,
the charge transfer across the energy barrier is governed
by the Boltzmann distribution, resulting in an exponen-
tial voltage dependence.’” To model the closing and
opening fluxes, we need to use at least two transistors,
the difference of signals from which must be integrated
to model the state of the system as a whole. A capacitor
(C.) does the integration, assuming that the charge rep-
resents the number of particles and the current represents
the flux. The voltage on this capacitor is linearly propor-
tional to its charge gives the result. In 2007 Hynna and
Boahen suggested the following circuit (figure 6 to simu-
late a voltage-driven ion channel. Each transistor defines
an energy barrier for one of the transition rates: transis-
tor N1 uses its source and gate voltages (ur, and Verosk,
respectively) to define the closing rate, and transistor N2
uses its drain and gate voltages (uy and Vopgn) to de-
fine the opening rate (where uy > ur). The difference
in transistors currents is collected on the capacitor C,,.
The magnitude of the energy barriers is independent of
the capacitor voltage uy , so the value of uy indicates the
fraction of open channels and increases as the particles
switch more and more to the open state. The variable’s
steady-state value changes sigmoidally with membrane
voltage, dictated by the ratio of the opening and closing
rates.

Integrate-and-fire neuron realisation

Now we are ready to understand the membrane voltage
and spike formation. The explanation of these processes
will be conducted based on a model of an integrate-and-
fire neuron realised using MOSFETs (M1, M2, M3), ca-
pacitance (Cyuem) and p —n —p —n diode (D0),?® shown
in figure 7a. The designated components perform the
following roles: Cinem contributes to the increase in the
membrane voltage (Vi,em); DO generates spike voltages
(Vspikg); M1 acts as a resistor and the resistance con-
tributes to the determination of the Vspixg value; M2
and M3 are responsible for resetting the spiking and
membrane voltages, respectively.

The presented neuron circuit operation begins with
the flow of synaptic current pulses (step 1) from pre-
synaptic devices into the neuron circuit. Charges carried
by the input current are integrated into C),ep,. The tem-
poral integration of charges increases Vj,e,, which is the
anode voltage of DO (step 2). Vgpikg is abruptly gen-
erated when V.., reaches a triggering threshold voltage
for the latch-up of the anode current of the diode (step 3).
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The Vgpikge value is determined by the voltage division
of the diode and M1. The generation of Vspikg supplies
the gate voltages to M2 and M3 and opens the channels
of these transistors (step 4). The discharge current flows
from C),em to the ground through the M3 channel (step
5), and this flow rapidly decreases V,em (step 6). Simul-
taneously, the reset current flows from the cathode of DO
to the ground through the M2 channel (step 5). Even-
tually, the opening of the M2 and M3 channels resets
the anode and cathode voltages to zero (step 6), and ac-
cordingly Vspikg becomes zero. Thus, the latch-up of DO

and the subsequent opening of the M2 and M3 channels
cause the presented neuron circuit to fire Vgpikg pulses
toward post-synaptic devices.?®

Figure 7b illustrates the manner in which the mem-
brane current changes with the membrane voltage during
the charging and discharging of Cj,ep. We can see that
the neuron circuit mimics the (1) temporal integration,
(2) trigger threshold, (3) depolarisation, (4) repolarisa-
tion and (5) refractory period of a biological neuron. The
membrane current does not flow during the temporal in-
tegration of charges in Chuer (step 1 in figure 7). When
the temporal integration reaches the threshold voltage
(steps 2 and 4), the membrane current increases abruptly
(step 3). This moment corresponds to the depolarisation
of the electrical action potential in a biological neuron.
Discharging Cinem after depolarisation (step 5) results in
a rapid and then gradual decrease in membrane current
(step 6), which corresponds to the repolarisation of the
electrical action potential in a biological neuron. As the
membrane current becomes negligible, the presented neu-
ron circuit remains in the refractory period.?®
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Figure 7. a— Integrate-and-fire neuron circuit with the illustration
of the operation mechanism. b — The dependence of membrane
current on membrane voltage. These images were adapted and
modified from Ref. [38].

Izhikevich neuron model with silicon-based reali-
sation

In 2008 Wijekoon and Dudek [39] suggested the circuit
that implements the cortical neuron (figure 8), inspired
by the mathematical neuron model proposed by Izhike-
vich in 2003. The circuit contains 14 MOSFETsSs, based
on which three blocks are operating: membrane poten-
tial circuitry (transistors M1 — M5 and the capacitance
Cy), slow variable circuitry (transistors M1, M2 and M6
— MS8) and comparator circuitry (M9 — M14). C, in-
tegrates a positive feedback current that generate spikes
(generated by M3 and flowing from one to C,), leakage
current (generated by M4) and post-synaptic input cur-
rent (excitatory or inhibitory). If a spike is generated,
it is detected by the comparator circuit which provides a
reset pulse on the gate of M5 that rapidly hyperpolarises
the membrane potential (V on C,) to a value determined
by the voltage at node c. The transistor M5 size is de-
signed so that the capacitor C, is fully discharge during
the voltage pulse coming from the comparator circuit by
feedback loop (to the gate of M5).

The slow variable circuit works as follows. The magni-
tude of the current supplied by M7 is determined by the
membrane potential (voltage at C,), in a manner anal-
ogous to that observed in the membrane circuit. The
scaling of transistors M3 and M7 ensures that the drain
current of M7 is less than that of M3, while the capac-
itance value of C,, is selected to be greater than that of
C,. This guarantees that the potential at C,, varies more
slowly than at C,. The sum of these currents is inte-
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Figure 8. Illustration of the cortical neuron circuit, based on 14
MOSFETSs and emulated Izhikevich neuron model. This figure was
adapted and modified from Ref. [39].

grated across the slow variable capacitor, designated as
C,. Additionally, following a membrane potential spike,
the comparator (right part of figure 8) generates a volt-
age pulse (arriving at the base of M8) that opens the
transistor, identified as M8. The modest dimensions of
M8 and the brief duration of the voltage pulse that opens
it guarantee that the capacitance C,, is not entirely reset
to V(dd). Instead, an additional quantity of charge, regu-
lated by Vyq, is transferred to C,,. It can be demonstrated
that each membrane spike results in a rapid increase in
the slow variable potential. This, in turn, gives rise to an
increase in the leakage current of the membrane potential,
which in turn causes a slowing down of the depolarisation
following the spike.

In the comparator circuit, the voltage Vrgyp is re-
sponsible for detecting the membrane potential threshold
when a spike is coming. The voltage Vpias controls the
bias current in the comparator. When the membrane po-
tential rises above Vrpp, the voltage at the M8 gate is
decreased and the voltage at the M5 gate is increased,
generating reset signals. The reset signal is delayed, so
the membrane potential V' (in the membrane potential
circuit at C,) continues to rise beyond Vrup, up to Vg,
but as soon as the voltage at M5 gate is increased, the
membrane potential is reset to V., which is lower than
Vrup. Next, the voltages at the M5 and M8 gates re-
turn to their resting voltage levels, completing the reset
pulses. Transistor M 14 increases the comparator current
during the spike, providing the required amplitude and
duration of the reset pulse of the voltage at gate M8.39

The basic circuit comprises 202 neurons with differ-
ent circuit parameters, including transistor and capac-
itance sizes. Fabrication was conducted using 0.35 ym
CMOS technology. Since the transistors in this circuit
operate mainly in strong inversion mode, the excitation
patterns are on an ”accelerated” time scale, about 10*
faster than biological real time. The power consumption
of the circuit is less than 10 pJ per spike.??39 Main types
of characteristic firing patterns of suggested circuit are
demonstrated in figure 9.

3.2 Transistor-based realisations

This section is devoted to reviewing such significant projects
as SpiNNaker, Neurogrid, TrueNorth, NorthPole and Loihi.
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Figure 9. Experimental firing patterns obtained from the fabri-
cated chip containing 202 neurons using 0.35 pm CMOS technology.
Demonstrated patterns are responses to the input current step for
various parameters of bias voltages at nodes ¢ and d. This figure
was adapted and modified from Ref. [39].

And despite the fact that at the moment of IBM’s chip
creation there were already such projects as SpiNNaker4?
(2012) and Neurogrid®> (2014), we will start with the re-
view of the TrueNorth neuromorphic processor, since in
our opinion it was the first hardware implementation of
the idea of neuromorphic computing.

TrueNorth

The field of brain-inspired technologies was marked in
2015 by the release of the first neuromorphic chip: IBM
TrueNorth (figure 10a), a neuromorphic CMOS integrated
circuit. The TrueNorth chip architecture is based on an
organic neurobiological structure, but with the limita-
tions of inorganic silicon technology. The main purpose of
this platform was to reproduce the work of existing neu-
ral network algorithms of speech and image recognition in
real time with minimal energy consumption.?* This neu-
romorphic chip contains 4096 neurosynaptic nuclei com-
bined into a two-dimensional array, and contains a total
of 1 million neurons and 256 million synapses. The chip
has a peak computing performance of 58 GSOPS with
a power consumption of 400 GSOPS/W (here GSOPS
means Giga-synaptic operations per second).

The use of the term "neuromorphic” itself implies that
the chip is based on an architecture that differs from the
familiar von Neumann architecture. Unlike von Neumann
machines, the TrueNorth chip does not use sequential pro-
grams that map instructions into linear memory. The
chip consists of spiking neurons, which are connected in
a network and communicate with each other via spikes
(voltage pulses). Communication between neurons is tun-
able, and the data transmitted can be encoded by the fre-
quency, temporal and spatial distribution of the spikes.
TrueNorth is designed for a specific set of tasks: sensory
processing, machine learning and cognitive computing.
However, just as in the early days of the computer age and
the emergence of the first computer chips, the challenges
of creating efficient neurosynaptic systems and optimising
them in terms of programming models, algorithms and
architectural features are still being solved. Currently,
the IBM Truenorth chip is being used by DARPA (De-

fense Advanced Research Projects Agency) for gesture
and speech recognition.

An IBM Research blog post on TrueNorth’s perfor-
mance notes that the classification accuracy demonstrated
by the system is approaching the performance of 2016
state-of-art implementations, not only for image recog-
nition but also for speech recognition. The*' reports
performance data for five digital computing architectures
running deep neural networks. A single TrueNorth chip
processes 1200-2600 32 x 32 colour images per second,
consuming 170-275 mW, yielding an energy efficiency of
6100-7350FPS (here FPS means frames per second).
TrueNorth multi-chip implementations on a single board
process 32x32 color images at 430-1330 per second and
consume 0.89-1.5 W, yielding an energy efficiency of 360-
1420 FPS/W. SpiNNaker delivers 167 FPS/W while pro-
cessing 28x28 grayscale images (in a configuration of 48
chips on one board).*? Tegra K1 GPU, Titan X Graphics
processing unit (GPU) and Core i7 CPU deliver 45, 14.2
and 3.9 FPS/W, respectively, while processing 224 x 224
color images.*1:43

SpiNNaker

The SpiNNaker (Spiking Neural Network Architecture)
project, the brainchild of the University of Manchester,
was unveiled in January 2012. It is a real-time micropro-
cessor-based system optimised for the simulation of neu-
ral networks, and in particular spiking neural networks.
Its main purpose is to improve the performance of soft-
ware simulations.?®#*  SpiNNaker uses a custom chip
based on ARM cores that integrates 18 microprocessors in
102 mm? using a 130 nm process. The all-digital architec-
ture uses an asynchronous message-passing network (2D
torus) for inter-chip communication, allowing the whole
system to scale almost infinitely. In experiments?®? %46 4
48-chip board (see figure 10d) was used, which can simu-
late hundreds of thousands of neurons and tens of millions
of synapses, and consumes about 27-37 W in real time (for
different neuron models a network configuration). On av-
erage, 2000 spikes formed into a Poisson train were used
to encode a digit character from the MNIST dataset, with
a classification latency of 20 ms.

In summary, SpiNNaker is a high-performance, appli-
cation-specific architecture optimised for tasks from neu-
robiology and neuroscience in general. It is claimed that
the system can also be used for other distributed com-
puting applications such as ray tracing and protein fold-
ing.#> The experimental studies performed suggest that
for parallel modelling of deep neural networks, a dedi-
cated multi-core architecture can indeed be energy effi-
cient (compared to competitors and general purpose sys-
tems) while maintaining the flexibility of software-im-
plementable models of neurons and synapses.

In 2021 the second generation of neuromorphic chip
by the collaboration of Technische University of Dres-
den and University of Manchester was released — SpilN-
Naker2. Its development was conducted within the Euro-
pean Union flagship project “Human Brain Project”. The
overall approach utilised in the creation of SpiNNaker2
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has the following parts: keep the processor-based flexi-
bility of SpiNNakerl, don’t do everything in software in
the processors, use the latest technologies and features
for energy efficiency and allow workload adaptivity on all
levels.** One SpiNNaker2 chip consists of 152 advanced
RISC machines (ARM) processors (processing elements)
arranged in groups of four to quad-processing-elements
which are connected by a Network-on-Chip (NoC) to al-
low scaling towards a large neuromorphic System-on-Chip
(SoC). The full-scale SpiNNaker2 will consist of 10 million
ARM cores distributed across 70000 chips in 10 server
racks. We’d also highlight that the second generation
is designed on a different technical process. Specifically,
SpiNNakerl was realised on 130 nm CMOS, while SpiN-
Naker2 was realised on 22nm fully depleted silicon on
insulator (FDSOI) CMOS,*" which allowed not only to
increase the performance of a single chip as a whole, but
also to improve power efficiency. It is stated that SpilN-
Naker2 enabling a 10x increase in neural simulation ca-
pacity per watt over SpiNNakerl. Among the potential
applications for the SpiNNaker2 the following stand out:
naturally, brain research and whole-brain modeling, bi-
ological neural simulations with complex plasticity rules
(with spike-timing-dependent plasticity (STDP), for ex-
ample), low-power inferencing for robotics and embedded
artificial intelligence (AI), large-scale execution of hybrid
AT models, autonomous vehicles, and other real-time ma-
chine learning applications.

Neurogrid

The Neurogrid project, carried out at Stanford University
in December 2013,% is a mixed analogue-digital neuro-
morphic system based on a 180 nm CMOS process. The
project has two main components: software for interac-
tive visualisation and hardware for real-time simulation.
The main application of Neurogrid is the real-time sim-
ulation of large-scale neural models to realise the func-
tion of biological neural systems by emulating their struc-
ture.®>

The hardware part of Neurogrid contains 16 Neuro-
cores connected in a binary tree: microelectronic chips
with a 12 x 14 mm? die containing 23 million transistors
and 180 pads; a Cypress Semiconductor EZ-USB FX2LP
chip that handles USB communication with the host; a
Lattice ispMACH CPLD. This makes it possible to estab-
lish a link between the data transmitted via USB and the
data driven by Neurogrid, and to interleave timestamps
with the outgoing data (host binding). A daughter board
is responsible for primary axonal branching and is imple-
mented using a field-programmable gate array (FPGA).
The Neurogrid board is shown in figure 10c. Each Neu-
rocore implements a 256 x 256 silicon neuron array, and
also contains a transmitter, a receiver, a router, and two
RAMs. A neuron has one soma, one dendrite, four gating
variables and four synapse populations for shared synap-
tic and dendritic circuits.?®

The Neurogrid’s architecture enables to simulate cor-
tical models emulating axonal arbors and dendritic trees:
a cortical area is modeled by a group of Neurocores men-

tioned above and an off-chip random-access memory is
programmed to replicate the neocortex’s function-specific
intercolumn connectivity.*® Therefore, it is indeed simu-
late the behaviour of large neural structures, including
conductance-based synapses, active membrane conduc-
tances, multiple dendritic compartments, spike backprop-
agation, and cortical cell types. No data is available on
the power consumption of image recognition, as in the
case of TrueNorth or SpiNNaker, but that’s understand-
able: the main purpose of the project is to model the neu-
ral activity of living tissues, and that’s what it does. One
thing we can say for sure is that the neurogrid consumes
less power than the GPU for the same simulation: 120 pJ
versus 210 nJ per synaptic activation.’® This confirms the
thesis that digital simulation (on CPUs or GPUs), even
though it allows solving such problems, but the time and
power consumption will be significant compared to spe-
cialised architectures.

NorthPole

A striking example of a hardware implementation of a
semiconductor bio-inspired neural network is the recently
(2023) introduced NorthPole chip from IBM®! (figure 10b).
NorthPole is an extension of TrueNorth, and it’s not sur-
prising that it inherits some of the technology used there.
The NorthPole architecture is designed for low-precision,
common-sense computing while achieving state-of-the-art
inference accuracy for neural networks. It is optimised for
8-, 4- and 2-bit precision, eliminating the need for high
precision during training. The NorthPole system con-
sists of a distributed modular array of cores, with each
core capable of massive parallelism, performing 8192 2-
bit operations per cycle. Memory is distributed between
and within the cores, placing it in close proximity to the
computation. This proximity allows each core to take
advantage of data locality, resulting in improved energy
efficiency. NorthPole also incorporates a large on-chip
memory area that is neither centralised nor hierarchically
organised, further enhancing its efficiency.

Potentially, the NorthPole chip opens up new ways for
the development of intelligent data processing for tasks
such as optimisation (of systems, algorithms, scalabil-
ity, etc.), for image processing for digital machine vision,
and data recognition for autopilots, medical applications,
etc. Also the chip was run in such well-known tests as
ResNet-50 image recognition and YOLOv4 object detec-
tion models, where it showed outstanding results: higher
energy and space efficiency, and lower latency than any
other chip available on the market today, and is roughly
4000 times faster than TrueNorth (since the requirements
to the accuracy of calculations in the chip are reduced,
it is not possible to correctly estimate the specific per-
formance). Ref.! provides the following data: North-
Pole based on 12nm node processing technology deliv-
ers 5 times more frames per joule than GPU NVIDIA
H100 based on 4nm technological process (571 vs. 116
frames/J) and 1.5 times more than the specialised for neu-
ral network use Qualcomm Cloud AI 100 based on 7nm
technological process. The reason for this is the local-
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Figure 10. Images of some CMOS spiking neural network real-
isations: a — IBM TrueNorth chip,?* b — IBM NorthPole chip,?!
¢ — Neurogrid board,*® d — SpiNNaker (spiking neural network
architecture), a massively parallel, manycore supercomputer archi-
tecture.*6

ity of the computation — by eliminating off-chip memory
and intertwining on-chip memory with compute memory,
the locality of spatial computation is ensured and, as a
result, energy efficiency is increased. Also low-precision
operations further increase NorthPole’s lead over its com-
petitors.

Modha et al. [51] tested NorthPole only for use in
computer vision. However, with this sort of potential, this
chip can also be used for image segmentation and video
classification. According to the information on the IBM’s
blog it was also tested in other areas, such as natural
language processing (on the encoder-only BERT model)
and speech recognition (on the DeepSpeech2 model).

Loihi and Loihi2

In 2018, Intel Labs unveiled the first neuromorphic many-
core processor that enables on-chip learning and aims
to model spiking neural networks in silicon. The name
of this processor is Loihi (figure 11a). Technologically,
Loihi is a 60mm? chip manufactured in Intel’s FinFET
14 nm process. The chip instantiates a total of 2.07 billion
transistors and 33 MB of static random access memory
(SRAM) across its 128 neuromorphic cores and three x86
cores to manage the neuro cores and control spike traffic
in and out of the chip. It supports asynchronous spiking
neural network models for up to 130000 synthetic com-
partmental neurons and 130 million synapses. Loihi’s ar-
chitecture is designed to enable the mapping of deep con-
volutional networks optimised for vision and audio recog-
nition tasks. Loihi was the first of its kind to feature on-
chip learning via a microcode-based learning rule engine
within each neural core, with fully programmable learn-
ing rules based on spike timing. Intel’s chip allows the
SNN to incorporate: 1) stochastic noise, 2) configurable
and adaptable synaptic, axonal and refractory delays, 3)
configurable dendritic tree processing, 4) neuron thresh-

Figure 11. a, b — Loihi chip plot (a) and Intel’s the second-
generation neuromorphic research chip Loihi 2 (b) (pictures from
the Intel’s official website from the News about ”Intel Advances
Neuromorphic with Loihi 2, New Lava Software Framework and
New Partners”).

old adaptation to support intrinsic excitability homeosta-
sis, and 5) scaling and saturation of synaptic weights to
support “permanence” levels beyond the range of weights
used during inference.®? %3

The on-chip learning is organised in such a way that
the minimum of the loss function over a set of training
samples is achieved during the training process. Also,
learning rules satisfies the locality constraint: each weight
can only be accessed and modified by the destination
neuron, and the rule can only use locally available in-
formation, such as the spike trains from the pre-synaptic
(source) and post-synaptic (destination) neurons. Loihi
was the first fully integrated digital SNN chip that sup-
ported diverse local information for programmable synap-
tic learning process such as: 1) spike traces corresponding
to filtered presynaptic and postsynaptic spike trains with
configurable time constants, 2) multiple spike traces for
a given spike train filtered with different time constants,
3) two additional state variables per synapse, besides the
normal weight, to provide more flexibility for learning
and 4) reward traces that correspond to special reward
spikes carrying signed impulse values to represent reward
or punishment signals for reinforcement learning.??

In Intel Labs original work the performance of Loihi
was checked on theleast absolute shrinkage and selec-
tion operator (LASSO) task (I1-minimising sparse coding
problem). The goal of this task is to determine the sparse
set of coefficients that best represents a given input signal
as a linear combination of features from a feature dictio-
nary.”? This task was solved on a 52 x 52 image with a
dictionary of 224 atoms and during that the Loihi allowed
to provide 18 times compression of synaptic resources for
this network. The sparse coding problem was solved to
within 1% of the optimal solution. Unfortunately, the ar-
ticle does not provide data on energy efficiency and speed
of the chip when solving this problem. A bit later in®3
the classical classification task on modified NIST dataset
was solved with accuracy of 96.4%.

In 2021 Intel Labs introduced their second-generation
neuromorphic research chip Loihi 2 (figure 11b), as well as
the open-source software framework LAVA for developing
neuro-inspired applications. Based on the Loihi experi-
ence, Loihi 2 supports new classes of neuro-inspired algo-
rithms and applications, while providing up to 10 times
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faster processing, up to 15 times greater resource density
with up to 1 million neurons per chip, and improved en-
ergy efficiency.’® Loihi 2 has the same base architecture
as its predecessor Loihi, but with new functionality and
improvements. For example, the new chip supports fully
programmable neuron models with graded spikes (Loihi
supported only generalised LIF neuron model with binary
spikes, whereas Loihi 2 supports any models) and achieves
a 2x higher synaptic density. Ref. [55] reports a compar-
ison of the performance and energy efficiency of the Loihi
2 chip compared to the performance of the the NVIDIA
Jetson Orin Nano on video and audio processing task.
Computing neuromorphic systems based on the Loihi 2
provide significant gains in energy efficiency, latency, and
even throughput for intelligent signal processing appli-
cations (such as navigation and autopilot systems, voice
recognition systems) compared to conventional architec-
tures. For example, the Loihi 2 implementation of the In-
tel NSSDNet (Nonlocal Spectral Similarity-induced De-
composition Network) increases its power advantage to
74x compared to NsNet2 (Noise Suppression Net 2) run-
ning on the Jetson Orin Nano platform. The Loihi 2 has
also demonstrated their advantages in Locally Compet-
itive Algorithm implementation.®® Loihi 2 is also capa-
ble of reproducing bio-realistic neural network implemen-
tation and it is flexible in terms of supporting different
neuron models. Ref. [57] demonstrates a showcase of im-
plementing a simplified bio-realistic basal ganglia neural
network that carries “Go/No-Go” task, by using Izhike-
vich neurons.

3.3 Memristor-based realisations

A memristor is the fourth passive element of electrical
circuits. This element is a two-terminal device, the main
property of which is the ability to memorise its state de-
pending on the applied bias current. Theoretically pro-
posed®® by Leon Chua in 1971, the memristor has seen
the daylight as a prototype (memory + resistor) based
on a thin film of titanium dioxide in 2008 thanks to HP
Labs company.®® The reason for the development of this
device in the first place was the following problem: to
further improve the efficiency of computing, electronic
devices must be scalable to reduce manufacturing costs,
increase speed and reduce power consumption — that is,
more and more transistors must be placed on the same
area of the crystal each time. However, due to physical
limitations and rising manufacturing costs when moving
to new process standards (to a 10 nm process, for exam-
ple), the processing nodes of a traditional CMOS tran-
sistor can no longer scale cost-effectively and sustainably.
As a result, new electronic devices with higher perfor-
mance and energy efficiency have become necessary to
satisfy the needs of the ever-growing information tech-
nology market,% implementing new “non-von Neumann”
paradigms of in-memory computation.6!:62

Initially, memristive systems acted as elements of
energy-efficient resistive random-access memory memory
(RRAM) by using two metastable states with high and
low resistance, switching between which is carried out by

Figure 12. Illustration of the artificial neuron based on a diffusive
memristor, consisting of a SiO;Ny:Ag layer between two Pt elec-
trodes.64

applying an external voltage. However, in recent years,
the potential application of memristors can be used to re-
alise the functions of both synapses and neurons in both
ANNs and SNNs.% Figure 12 shows one of the realisa-
tions of a memristor-based neuron. It exploits the dif-
fusion processes between two types of layers: dielectric
SiO;zNy:Ag layer (doped with Ag nanoclusters) and Pt
layer.%* The SiO,N,:Ag material serves as the functional
part of the memristor, allowing the creation of a model of
the leaky integrate-and-fire neuron. The diffusive mem-
ristor integrates the presynaptic signals (arriving at one
of the Pt electrodes) within a time window and transi-
tions to a low resistance state only when a threshold is
reached.

Using nanotechnology capabilities, it is possible to
miniaturise memristive electronic devices to units of
nanometers, which allows achieving a high density of ele-
ments on a chip. An important advantage of memristors
is their compatibility with CMOS technology: memristors
can be organised fairly easily into a crossbar architecture
that takes advantage of parallel in-memory computing.
With nanoscale, two-terminal and semiconductor mem-
ristor, memristor crossbars are characterised by high ele-
ment density and better energy efficiency than their tran-
sistor counterparts. Due to this, this approach makes
it possible to implement memristive networks based on
2D- and 3D-integrated crossbar structures to increase the
speed of signal transmission.%>"" This is why memristor
crossbars are seen as a good candidate as a basis for neu-
romorphic networks.”!

It is assumed that due to similar mechanisms of ion ex-
change in biological nerve cells and memristors, the last
ones can mimic synapses and even neurons with suffi-
ciently high accuracy. Since the capabilities of a neu-
ral network are usually determined by its size (number
of neurons and inter-neuron connections), a scalable and
energy-efficient component base is required to create a
more powerful and energy-efficient system.”® 7 There
have been many works aimed at studying the properties
of memristors in terms of their application as synaptic el-
ements and neurons, and there have even been successes
in demonstrating the effect of synaptic plasticity™ and
the operation of the integrate-and-fire neural model.”®
Also an artificial neuron based on the threshold switch-
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ing and fabricated on the basis of NbO, material, has
been demonstrated. Such a neuron displays four critical
features: threshold-driven spiking, spatiotemporal inte-
gration, dynamic logic and gain modulation.”®

The dynamic characteristics of memristors in combi-
nation with their nonlinear resistance allow us to observe
the responses of the system to external stimulation.”” At
the same time, the stochastic properties of memristors
due to interaction with the external environment® can be
used both for controlling metastable states and for hard-
ware design of SNN circuits.” The first experimental
prototypes of SNNs based on memristors and CMOS have
already been created (synapses are realised via memristor
crossbars, and neurons - via semiconductor transistors)
and they can “to a certain extent” emulate spike-timing
dependent plasticity.?%8! However, they are based on a
simplified concept of synaptic plasticity based on overlap-
ping pre- and postsynaptic adhesions,®! which has led to
reduced energy efficiency and rather complex technologi-
cal design of SNN design circuits. Currently, approaches
to overcome these problems are being developed, for ex-
ample, on the basis of complete rejection of analogue-
digital and digital-analogue transformations and creation
of neuromorphic systems in which all signal processing
occurs in analogue form®2 or by creating the concept of
self-learning memristor SNNs.

Unfortunately, to realise a fully-memristive neuromor-
phic neural network it is necessary to achieve a non-linear
dynamic signal processing. This challenge has so far not
overcome by memristors alone, and every memristive neu-
ral network proposal relies on the operation of classical
semiconductor transistors in one way or another. Below
we consider two interesting realisations of CMOS mem-
ristive neural networks.

Neuromorphic network based on diffusive mem-
ristors

In 2018 Wang et al. presented an artificial neural net-
work implemented on diffusive memristors (and also on
transistors) that is capable to solve pattern classification
task with unsupervised learning.%* Note that the network
demonstrated in the paper, recognised only four letters
("U”, "M”, ?A”, ’S”), presented as 4-by-4 pixel images.
Nevertheless, a working memristive network is a signif-
icant achievement and shows the feasibility in principle
of the idea of memristor-based neuromorphic hardware
computing. In figure 12 demonstrated the central part of
this network and artificial neuron in particular — diffusive
memristor consisted of a SiO,N,:Ag layer between two
Pt electrodes and serving as the neuron’s soma.

The most important difference between a diffusion
memristor and a traditional memristor is that once the
voltage is removed from the device terminals, it automat-
ically returns to its original high-resistance state. The
dynamics of the diffusion process in a diffusion memris-
tor has similar physical behaviour to biological Ca?* dy-
namics, which can accurately mimic different temporal
synaptic and neuronal properties.”

The diffusive memristor in the artificial neuron is very

Figure 13. a — Microphotograph of the fully memristive spiking
neural network, consisting of memristive synapse crossbar (in red
frame) and memristive neurons (in blue frame). b — SEM (scan-
ning electron microscopy) microphotograph of a single memristive
synapse. ¢ — TEM (transmission electron microscopy) image of
the synapse cross-section with the structure of drift memristor,
Pd/HfO;/Ta. d — SEM microphotograph of a single memristive
neuron. e — TEM image of the neuron cross-section with the struc-
ture of diffusive memristors, Pt/Ag/SiO,: Ag/Ag/Pt. These im-
ages were adapted from Ref. [64].

different from non-volatile drift memristors or phase-
change memory devices used as long-term resistive mem-
ory elements or synapses. The point is that the memris-
tor processes the incoming signals within a certain time
window (characteristic time, which in the diffusive mem-
ristor model is determined by the Ag diffusion dynamics
to dissolve the nanoparticle bridge and return the neuron
to its resting state) and then, only when a threshold has
been reached, transitions to a low-resistance state. Fig-
ure 13a shows an integrated chip of the memristive neural
network,%* consisting of a one-transistor-one-memristor
(figure 13b,c) synaptic 8-by-8 array and eight diffusive
memristor neurons (figure 13d,e). The synapses were cre-
ated by combining drift memristors with arrays of tran-
sistors. In this configuration, each memristor (i.e., the
Pd/HfO3/Ta structure) is connected to a series of n-type
enhancement-mode transistors. When all the transistors
are in an active state, the array functions as a fully con-
nected memristor crossbar.

The input images are divided into four 2-by-2 pixel
subsets, where each pixel is assigned a specific pair of volt-
ages (equal in modulus but different in sign), depending
on the colour and intensity of the pixel. Each resulting
subset is expanded into a single-column input vector com-
prising eight voltages. This input vector is then applied
to the network, which consists of eight rows, at each time
step. For each possible subset, there is a correspond-
ing convolution filter implemented using eight memristor
synapses per column. In total, there are eight filters in
an 8 x 8 array. The convolution of the eight filters for
each sub-image simultaneously results in the ”firing” of
the corresponding neurons, which fulfil the role of ReLLU.
Eight outputs of these "ReLUs” coupled with the 8-by-3
fully connected memristive crossbar, whose fan-out con-
centrates all spikes on the last layer of the neural network
consisting of 3 neurons ”firing” which corresponds to a
certain recognised image. It is claimed that the neuro-
morphic nature of the presented network is ensured due
to the realisation of the effect of STDP used in the learn-
ing process and reflected in the change in the resistance
of memristors in the crossbar when the next voltage pulse
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Figure 14. a — The SEM top view image of the 20 memristive
crossbar-integrated synapses connected to a single leaky-integrate-
and-fire neuron (schematics is shown). b — The experimental setup
of the LIF neuron implementation.8Y These images were adapted
from Ref. [80].

is passed. Despite the insufficient (in our opinion) repre-
sentativeness of the learning results, the network archi-
tecture and the physics behind the used devices do not
allow us to doubt the presence of the STDP effect, con-
sidering that similar effects were observed in memristors
back in 2015.83

STDP learning in partially memristive SNN

The next realisation of the memristive-based neural net-
work is proposed by Prezioso et al. [80], who experi-
mentally demonstrated operation and STDP learning in
SNN, implemented with the passively integrated (0T1R)
memristive synapses connected to a silicon LIF neuron.
The experimental setup consisted of 20 input neurons
connected via 20 memristive crossbar-integrated synapses
to a single LIF neuron. The input neurons — one neu-
ron for each row of the memristive crossbar — are im-
plemented using the off-the-shelf digital-to-analogue con-
verter circuits. Synapses are implemented by Pt/Al;O3/
TiOy_, /Pt based memristors in a 20 x 20 crossbar ar-
ray. In this SNN implementation there is only a single
LIF output neuron that connected to the third array col-
umn, while the other columns are grounded. LIF neu-
ron is also realised on the custom-printed circuit board
(see figure 14). This arrangement allows connecting the
crossbar lines either to the input/output neurons during
network operation or to a switch matrix, which in turn is
connected to the parameter analyser, for device forming,
testing, and conductance tuning. Once the threshold is
reached, the LIF neuron fires an arbitrary waveform gen-
erator. The characteristic duration of voltage spikes is on
the order of 5ms.

The neural network was trained to solve the coinci-
dence detection problem (the task of identifying corre-

lated spiking activity) using the STDP learning mech-
anism, which allows training a single neuron to produce
an output pulse when it receives simultaneous (i.e., corre-
lated) pulses from multiple input neurons. The relevance
of such a task is due to the fact that the coincidence de-
tection mechanism is an integral part of various parts of
the nervous system, such as the auditory and visual cor-
tex, and is generally believed to play a very important
role in brain function.84 86

The conducted experiment has confirmed one of the
main challenges for SNN implementation with memris-
tors — their device-to-device variations. This imposes its
own limitations on STDP learning, where it is important
to consider certain time intervals (windows). Ideally, all
synapses should be identical, and conductance updates
for them should occur in equal STDP windows. In re-
ality, however, conductance updates differ significantly
between different memristive synapses, precisely because
of differences in device switching thresholds. SNNs usu-
ally operate with spikes of the same magnitude, which
allows to realise parallel updating of weights in several
devices in crossbar circuit designs. In this experiment,
the magnitude of the spikes was chosen based on the av-
erage switching threshold of the devices. Therefore, the
change of conductivity in devices with a larger switching
threshold was naturally smaller.

So, CMOS models provides great integration capabil-
ities, while at the same time requiring high power supply
and a large number of auxiliary elements to achieve bio-
realism. Also for this technology it is still difficult to
achieve high parallelism in the system due to significant
interconnect losses. Meanwhile, important applications
based on semiconductor neuromorphic chips are already
being solved, and within the framework of the “Human
Brain Project”, the second generation of the spiking neu-
ral network architecture SpiNNaker has even been cre-
ated. Creating and advancing higher performance and
energy efficient semiconductor chips is a very important
issue. There are broad areas where these devices may be
in high demand, primarily because of the possibility of
mobile deployment from smart bioprostheses and brain-
computer interfaces to “thinking” robot-androids.

Memristors can achieve bio-realism with fewer com-
ponents (the ionic nature of their functioning is similar
to that in neurons), but the technology of their manu-
facturing has not yet been refined and the problem of
device-to-device variations has not been solved. There-
fore, at the moment, we should assume that memristors
will be an auxiliary tool for semiconductor technology. It
is not realistic to create a fully memristive neuromorphic
processor separately, but maybe it is not necessary?

At the device level, the energy required for compu-
tation and weight updates is minimal, as everything is
rooted in the presence or absence of voltage spike. At
the architecture level, computation is performed directly
at the point of information storage (neuromorphism and
rejection of von Neumann architecture), avoiding data
movement as is the case in traditional digital comput-
ers. In addition, potentially memristor networks have
the ability to directly process analogue information from
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various external sensors and sensing devices, which will
further reduce processing time and power consumption.
The superconductor element base used to build neuro-
morphic systems, discussed below, has the same capa-
bility. Experimental implementation of large memristor
neural networks used for working with real data sets is at
an early stage of development compared to CMOS ana-
logues.”? And the device-to-device variation in memris-
tors’ switching thresholds is still the major challenge.

4 Superconductor-based bio-inspired elements

of neural networks

Superconducting digital circuits are also an attractive
candidate for creating large-scale neuromorphic comput-
ing systems.®” 89 Their niche is in tasks that require both
high performance and energy-efficient computing. Mod-
ern superconducting technologies make it possible to per-
form logical operations at high frequencies, up to 50 GHz,
with energy consumption in the order of 10712 — 10720 ]
per operation.8”-9094  Superconducting devices?® lend
themselves to the creation of highly distributed networks
that offer greater parallelism than the conventional ap-
proaches mentioned above. For example, in a crossbar-
based synaptic network, the resistive interconnection leads
to performance degradation and self-heating. In contrast,
the zero-dissipation superconducting interconnection at
cryogenic temperatures provides a way to limit intercon-
nection losses.

The main problem with superconductor-based tech-
nologies is their relatively low scalability. Recently, the
size of superconducting logic elements, the main part
of which is the Josephson junction (JJ),%%:97 is about
0.2 um? (approximately 107 JJs per cm?).%%7100  This
value is comparable to the size of a transistor at 28 nm
process technology in 2020. At the same time, super-
conducting hardware has a competitive advantage over
CMOS technology due to its ability to exploit the third
dimension in chip manufacturing processes. Incorporat-
ing vertically stacked Josephson inductors fabricated with
self-shunted Josephson junctions in single-flux-quantum
(SFQ) based circuits would increase circuit density with
minimal impact on circuit margins.'®* In addition, the
operating principles of Josephson digital circuits, which
manipulate magnetic flux quanta with associated picosec-
ond voltage pulses, are very close to the ideas of spiking
neural networks.

Further development of the superconducting imple-
mentation of neuromorphic systems thus offers the pros-
pect of creating a neuronet that emulates the functioning
of the brain with ultra-high performance, and at the same
time the neurons themselves prove to be relatively com-
pact, since it is enough to use only a few heterostructures
for the proper functioning of the cell.

The design of neurons and synapses using Josephson
junctions and superconducting nanowires is discussed in
the following subsections.

4.1 Implementations based on Josephson junctions

This approach is based on the quantisation of magnetic
flux in superconducting circuits. Moreover, the flux quan-
tum!%27194 can only enter and exit through a weak link in
the superconductor: the Josephson junction, an analogue
of an ion-permeable pore in the membrane of a biological
neuron. This fact is important because studies of neural
systems focus mainly on studying and reproducing the
behaviour of neurons, including complex patterns of neu-
ronal activity, their ”firings”. Just as biological neurons
have a threshold voltage above which an action potential
is generated, a Josephson junction has a threshold cur-
rent, the Josephson junction critical current, I.. When
the current through the junction exceeds this value, a
voltage spike-like pulse is generated.

One of the most common ways to describe Josephson
junctions is the resistively shunted junction model, where
the junction can be replaced with an equivalent circuit of
three parallel elements: a Josephson junction, a resistor
and a capacitor.”> The current through the Josephson
junction can be written as the sum of three currents:

Is+In+1Ip=1, (6)

where Ig is the supercurrent governed by the Josephson
phase @ of the JJ (the current phase relation is an impor-
tant property of the heterostructure), Iy is the normal
component of the current, for which Ohm’s law can be ap-
plied, and Ip is the capacitive component of the current.
Based on the Josephson relations for current components,
we obtain a second-order differential equation describing
the phase dynamics of the Josephson junction:

%@-ﬁ-%@—l—hsinwzl, (7)
where C' and R are the capacitance and the normal-state
resistance of the Josephson junction.

This equation is identical to that of a forced damped
pendulum, where the first term gives the torque due to a
“gravitational” potential, the second term is the damp-
ing term and the third term is the kinetic energy with
a mass promotional to C. The sum of all three terms is
the external torque corresponding to the applied current.
When a small torque below the critical value is applied,
the phase ¢ will increase and reach a static value. As the
phase gets close to 7, there will be a probability that the
pendulum will go over the potential energy maximum, re-
sulting in the emission of a SFQ-pulse. When the applied
current exceeds the critical current, the torque is enough
to continually drive the pendulum over the potential en-
ergy maximum generating a series of SFQ-pulses.

The Josephson junction soma (figure 15a), or JJ soma,
proposed by Crotty et al. [105], is a circuit of two Joseph-
son junctions connected in a loop which displays very
similar dynamics to the HH model. The two junctions
behave phenomenologically like the sodium and potas-
sium channels, one allowing magnetic flux to charge up
the loop and the other allowing flux to discharge from the
loop. The circuit exhibits many features of biologically
realistic neurons, including the evocation of action poten-
tials “firing” in response to input stimuli, input strength
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Figure 15. a — A sketch explaining the concept of the Josephson
neuron: a superconducting circuit plays the role of a membrane
impermeable to magnetic flux quanta; weak points of Josephson
junctions allow quanta to enter (and exit) the circuit. b — By re-
placing one of the junctions with an asymmetric superconducting
quantum interferometer device (SQUID) one enables control of the
ratio between the “widths” of the input and output channels. The
image in the panel b was adapted from Ref. [106].

thresholds below which no action potential is evoked, and
refractory periods after “firing” during which it is difficult
to initiate another action potential.

Refs. [106-108] discuss an improved version of such a
soma, where the input “pore” is represented as an asym-
metric interferometer (figure 15b). The main advantage
of the 3JJ neuron is that its mode of operation is eas-
ier to control. It has been shown that the 3JJ neuron
has a much wider range of parameters in which switch-
ing between all operating modes (bursting, regular, dead,
injury) is possible simply by controlling the bias current.
Furthermore, the 3JJ neuron can be made controllable
using identical Josephson junctions, and this design tol-
erates larger variations in the physical parameters of the
circuit elements.

Each element of the nervous system can be repre-
sented by a similar behavior element of classical rapid-
SFQ (RSFQ) logic. Complete architecture and compari-
son with the biological archetype are shown in figure 16.
This circuit is driven by clocking regime in order to main-
tain stability when unforeseen side effects occur. One of
the most compelling capabilities of superconducting elec-
tronics is its ability to support very high clock rates.

1. Soma — Josephson Comparator (JC)

This is a clocked decision element that decides to
let a single flux quantum pass in response to a cur-
rent driven into source 1 in figure 16. The decision
function of the comparator is similar to the acti-
vation of a neuron in response to a current stimu-
lus. Note that the Josephson comparator has been
widely used as a nonlinear element in superconduct-
ing spiking neural networks. 10111

2. Axon — Josephson Transmission Line (JTL)
The transmission of the action potential originating
from the Soma to adjacent neurons can be carried
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Figure 16. Schematic representation of the complete RSFQ-based
architecture, along with a comparison of each of its components to
the biological prototype. Here the JTLs act as axons, the Joseph-
son junction in the centre as soma. This image was adapted from
Ref. [109] and then recomposed by authors.

out by the Josephson Transmission Line (JTL). A
magnetic flux quantum can move along the JTL
with a short delay and low energy dissipation, and
its passage through the Josephson junction is ac-
companied by the appearance of a spike voltage
pulse on the heterostructures. This mechanism can
be likened to the process observed in biological sys-
tems, where the myelin sheath covering axons en-
ables the action potential to “hop” from one point
to the next.

3. Synapse — Adaptive Josephson Transmission Line
(AJTL)
Synapses exert an inhibitory or excitatory influ-
ence on the postsynaptic neuron with respect to
the past activity of the pre- and post-synaptic neu-
ron. While memory is still difficult to implement in
RSFQ technology, Feldhoff et al.'%® have designed
a short-term adaptation element that sets a connec-
tion weight depending on the steady state activity
of the pre- and post-synaptic neuron. A common
design element in RSFQ circuits is a release junction
to prevent congestion. A release junction is inserted
into a JTL, making it controllable by two currents.
As a result, the release probability of an RSFQ
from the JTL-based superconducting quantum in-
terference device (SQUID) can be controlled by the
current flowing through the junction. By driving
the pulse sequence of the pre- and post-synaptic
neuron through an L-R low-pass filter, the current
through the JJ output is a function of the pulse fre-
quency and thus of the activity level of both neu-
rons. Thermal noise adds uncertainty to the junc-
tion switching and flux release from the supercon-
ducting loop. This creates a continuous dependence
of the SFQ transmission probability on the junction
current balance. Recently Feldhoff et al. [112] have
presented an improved version of the synapse where
the single junction is replaced by a two junction
SQUID, called a release SQUID. This allows the
critical current to be controlled by coupling an ex-
ternal magnetic field into the release circuit. Since
the flux can be stored in another SQUID loop, the
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Figure 17. Schematics of an advanced neuron proposed by Kara-
muftuoglu et al. [114] (right) and its input data branch structure
that enables the high-fan-in feature (left). This image was adapted
from Ref. [114] and then redrawn by authors.

critical current can be permanently adjusted, which
changes the transmission probability of SFQs pass-
ing through the synapse. This makes the synap-
tic connection more transparent to the connected
neurons. The realization of tunable synaptic inter-
connections is also possible by utilizing adjustable
kinetic inductance.!'3

To enable parallel processing in a network, it is nec-
essary to have sufficient capabilities for both input (fan-
in) and output (fan-out) in the technology platform. To
address the issue of limited fan-in in JJ-based neuron de-
signs, Karamuftuoglu et al. [114] introduced a high-fan-
in superconducting neuron. The neuron design includes
multiple branches representing dendrites, with each branch
placed between two JJs that set the threshold of the neu-
ron (see figure 17). This configuration allows for both
positive and negative inductive coupling in each input
data branch, supporting both excitatory and inhibitory
synaptic data. The resistors on each branch create leaky
behaviour in the neuron. A three hidden layer SNN using
this neuron design achieved an accuracy of 97.07% on the
modified NIST dataset. The network had a throughput
of 8.92 GHz and consumed only 1.5nJ per inference, in-
cluding the energy required to cool the network to 4 K.'1°

Since memory storage is difficult to implement in
RSFQ technology, magnetic Josephson junctions can be
used to implement memory of past activity of pre- and
post-synaptic neurons. In these devices, the wavefunction
of Cooper pair extends into the ferromagnetic layer with
a damped oscillatory behavior. Leveraging the physics of
the interacting order parameters, Schneider et al. devel-
oped a new kind of synapse that utilizes a magnetic doped
Josephson junction.!'® Inserting magnetic nanoparticles
into the insulating barrier between two superconductors
allows for the adjustment of the Josephson junction’s
critical current. Since numerous particles can be placed
within the same barrier, each aligned in various direc-
tions, the critical current can effectively vary across a con-
tinuous range of values, making magnetic Josephson junc-
tions an ideal memory element for the synaptic strength.

The memristive Josephson junctions (MRJJ) can also
serve as a neuron-inspired device for neuromorphic com-

(a) (0) e

H

Figure 18. a — Equivalent circuit of a memristive Josephson junc-
tion (MRJJ) with, in order, capacitor, Josephson nonlinear device,
memristor. b — A memristive Josephson junction connected in par-
allel with an inductor (schematic with internal resistor, L-MRJJ)
is able to mimic neuron-like bursting behaviour. This image was
adapted from Ref. [117] and then redrawn by authors.

puting. The paper by Wu et al.''” investigates the dy-
namic properties of neuron-like spiking, excitability and
bursting in the memristive Josephson junction and its
improved version (the inductive memristive Josephson
junction, L-MRJJ). Equivalent circuits of MRJJ and L-
MRJJ are shown in figures 18a and 18b respectively. The
MR.JJ model is able to reproduce the spiking dynamics of
the FitzHugh-Nagumo neuron (FHN model). Unlike the
FHN model, the MRJJ model is bistable. The two class
excitabilities (class I and class II) in the Morris-Lecar
neuron are reproduced by the MRJJ model based on the
frequency-current curve. The L-MRJJ oscillator exhibits
bursting modes analogous to the neuronal busting of the
3-D Hindmarsh-Rose (HR) model in terms of purely dy-
namical behaviour, but there is a discrepancy between
the two models. The generating origin of the bursting
patterns depends on the saddle-node and homoclinic bi-
furcation using a fast-slow decomposition method. The
L-MRJJ model has infinite equilibria. The coupled L-
MR.JJ oscillators can achieve both in-phase and antiphase
burst synchronisation, similar to the behaviour of coupled
Hindmarsh-Rose neurons. During burst synchronisation,
the L-MRJJ network is partially synchronised, but the
HR network is fully synchronised.

Adjusting neuron threshold values in spiking neural
networks is important for optimizing network performance
and accuracy, as this adjustment allows for fine-tuning
the network’s behavior to specific input patterns. Ucpinar
et al. [115] proposed a novel on-chip trainable neuron de-
sign, where the threshold values of the neurons can be
adjusted individually for specific applications or during
training.

4.2 BrainFreeze

Combining digital and analogue concepts in mixed-signal
spiking neuromorphic architectures offers the advantages
of both types of circuits while mitigating some of their
disadvantages. Tschirhart et al. [118] proposed a novel
mixed-signal neuromorphic design based on superconduct-
ing electronics (SCE) — BrainFreeze. This novel architec-
ture integrates bio-inspired analogue neural circuits with
established digital technology to enable scalability and
programmability not achievable in other superconduct-
ing approaches.

The digital components in BrainFreeze support time-
multiplexing, programmable synapse weights and pro-
grammable neuron connections, enhancing the effective-
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Figure 19. A high-level block diagram of the Neuron Core as part
of the BrainFreeze concept. This image was adapted from Ref. [118§]
and then redrawn by authors.

ness of the hardware. The architecture’s time-multiplexing
capability enables multiple neurons within the simulated
network to sequentially utilize some of the same physical
components, such as the pipelined digital accumulator,
thereby enhancing the hardware’s effective density. Com-
munication among neurons within BrainFreeze is facili-
tated through a digital network, akin to those employed
in other large-scale neuromorphic frameworks. This digi-
tal network allows the sharing of wires connecting neuron
cores across multiple simulated neurons, eliminating the
necessity for dedicated physical wires to link each pair of
neurons and significantly improves scalability. The flexi-
ble connectivity offered by the digital network also allows
to implement various neural network structures by ad-
justing the routing tables within the network. By employ-
ing this approach, BrainFreeze leverages recent progress
in SCE digital logic and insights gleaned from large-scale
semiconductor neuromorphic architecture.

In its fundamental configuration, the BrainFreeze ar-
chitecture consists of seven primary elements: control
circuitry, a network interface, a spike buffer, a synapse
weight memory, an accumulator, a digital-to-analogue con-
verter, and at least one analogue soma circuit. A schematic
representation illustrating the overall architecture is pro-
vided in figure 19. The authors refer to one instance of
this architecture as a Neuron Core. This architectural
framework merges the scalability and programmability
features allowed by superconducting digital logic with the
biological suggestivity functionalities enabled by super-
conducting analogue circuits.

Tschirhart et al. [118] provided a comparison of state-
of-art neuromorphic architectures based on CMOS such
as TrueNorth, SpiNNaker, BrainScale, Neurogrid and
Loihi to BrainFreeze in order to demonstrate the po-
tential of the proposed architecture (see figure 20). In
conclusion, the findings indicate that employing a mixed-
signal SCE neuromorphic approach has the potential to
enhance performance in terms of speed, energy efficiency,
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Figure 20. A comparison of state-of-art neuromorphic architec-
tures with the BrainFreeze results. a — The first comparison ex-
amines spike emission speed. b — The second comparison examines
the time and power efficiency of each architecture. ¢ — The final
comparison evaluates the computational complexity of the neuron
models embedded in each architecture. In summary, BrainFreeze
shows promising potential to achieve significant improvements over
existing neuromorphic approaches. This image was adapted from
Ref. [118] and then redrawn by authors.

and model intricacy compared to the current state of the
art.

4.3 Superconducting nanowire-based and phase-slip-based
realisations

For a large neuromorphic network, the number of SFQ
pulses generated should be high enough to drive a large
fan-out. In this case, the JJ is limited in the number of
SFQ pulses it can generate. Therefore, it may be very
difficult to implement a complete neuromorphic network
based solely on the JJ. Schneider et al. [119] have the-
oretically reported a fan-out of 1 to 10000 and a fan-in
of 100 to 1. An approximate estimate of the power dissi-
pated for a 1-to-128 flux-based fan-out circuit for a given
critical current value is reported to be 44 aJ. Addition-
ally, the action potentials in JJ are not sufficiently strong
to be easily detectable. An alternative to JJ could be
a thin superconducting wire, also known as a supercon-
ducting nanowire (SNW). The intrinsic non-linearity ex-
hibited by superconducting nanowires positions them as
promising candidates for the hardware generation of spik-
ing behavior. When a bias current flowing through a su-
perconducting nanowire exceeds a threshold known as the
critical current, the superconductivity breaks down and
the nanowire becomes resistive, generating a voltage. The
nanowire switches back to the superconducting state only
when the bias current is reduced below the retrapping
current and the resistive part (the “hotspot”) cools down.
Placing the nanowire in parallel with a shunt resistor initi-
ates electrothermal feedback, resulting in relaxation oscil-
lations.'?° SNWs demonstrate reliable switching from su-
perconducting to resistive states and have shown the ca-
pability to produce a higher number of SFQ pulses as out-
put. Toomey et al. [121,122] have proposed a nanowire-
based neuron circuit that is topologically equivalent to
the JJ-based bio-inspired neurons discussed above.
Quantum phase slip can be described as the exactly
dual process to the Josephson effect based on charge-flux
duality (figure 21). In a quantum phase-slip junction
(QPSJ), a magnetic flux quantum tunnels across a super-
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conducting nanowire along with Cooper pair transport
and generate a corresponding voltage across the junc-
tion.!?3:124  Unlike Josephson junctions and supercon-
ducting nanowires, QPSJs do not require a constant cur-
rent bias. However, the “flux-tunneling” together with
voltage spike generation in such systems can be used to
implement neuropodic systems on a par with Josephson
junctions.

Cheng et al. [125] introduced a theoretical QPSJ-
based spiking neuron design in 2018 (figure 22). When
an input QPSJ fires, it charges a capacitor, building a
potential that eventually exceeds the threshold of the
output QPSJs connected in parallel. A resistor can be
added to maintain the same bias across all QPSJs. This
behaviour is consistent with the leaky integrate-and-fire
neuron model. The total “firing” energy for this circuit
design is given by the switching energy of the QPSJ mul-
tiplied by the number of QPSJs required for “firing”, and
is estimated to be on the order of 102! J, compared to
about 0.33 aJ (per switching event) for a typical JJ-based
neuron.

5 Bio-inspired elements for optical neuro-
morphic systems

Another alternative neuromorphic solution is networks
with physical realisation of spikes in the form of electro-
magnetic field packets. The advantage of such systems as
candidates for hardware implementation of optical neu-
ral networks (ONN) is also their speed of information
transmission, which can be carried out at frequencies ex-
ceeding 100 GHz (even at room temperature!),'25 as well
as the ability to create distributed networks with a high
degree of connectivity.!?” High bandwidth is important
for practical applications such as those based on the con-
trol of hypersonic aircraft or related to the processing
of radio signals. The first ONN solutions are based on
silicon photonics, which is well compatible with CMOS
technology, for example based on Mach-Zender interfer-
ometers'?® and micro-ring resonators.!2

A common feature of optical computing systems is
the ability to perform linear operations efficiently,!27 130
whereas nonlinear signal transformations, including spike-
based ones, pose a problem. As a result, these systems are
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Figure 21. Illustration of the concept of charge-flux duality: a —
sketch of a JJ, consisting of an insulating tunnel barrier (yellow)
between a superconducting island (blue) and ”ground”; b — sketch
of a QPSJ, consisting of a superconducting nanowire between an
insulating island and ‘ground’. The inserts show the corresponding
electrical circuits and current-voltage characteristics.
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Figure 22. A QPSJ-based integrate and fire neuron circuit with
integration capacitor and multiple parallel output QPS junctions.
This image was adapted from Ref. [125] and then redrawn by au-
thors.

poorly suited for implementing non-linear computations
directly in the photonic domain. For this reason, hy-
brid solutions that combine the strengths of optical and
electronic platforms are of interest. However, hybrid ar-
chitectures consisting of photonic synapses and electronic
spiking neurons require the use of high-speed photodetec-
tors and analogue-to-digital converters to translate the re-
sults of optical linear computations back into the digital
domain. This is complicated by high losses and packaging
costs due to the need for strict alignment between lasers
and waveguides.

Recently, approaches have been developed to imple-
ment photonic spiking neurons and to create fully opti-
cal spiking neural networks (OSNN) using nonlinear opti-
cal elements. Several implementations of leaky integrate-
and-fire neurons have been proposed based on vertical
cavity —surface emitting lasers (VCSELs),!31:132
distributed feedback lasers (DFB),!33 phase change mate-
rials (PCM).*** For example, VCSELs have a wide range
of laser dynamics with distinct modes corresponding to
orthogonal and parallel polarisation. The excitation of a
sub-ns spike in this photonic neuron is based on the injec-
tion of an external signal and the conversion of electrical
impulses into optical ones, showing all the typical signs of
excitability of integrate-and-fire neuronal models. At the
same time, typical microwave modulation frequencies of
30-50 GHz, combined with high efficiency, provide a suf-
ficiently low power consumption for nonlinear conversion
on the order of 10 fJ. By creating a photonic interconnect
structure (bandwidth and latency), the entire structure
can, after network training, perform calculations based on
an optical signal at the speed of light without additional
energy cost. This allows the dissipation in ONN using
VCSEL to be decreased down to 100aJ per operation.
This looks promising from the point of view of energy ef-
ficiency.'® However, it should be noted that most optical
solutions require the use of coherent sources and detec-
tors, as well as additional pre- and post-processing, which
limits their scalability and compactness.

A detailed description of the operation of two common
types of OSNN devices, based on phase change materials
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and semiconductor lasers, is given in the following sub-
sections.

5.1 Phase change materials for elements in neural networks

Phase change materials (PCMs) are a special class of solid
state materials that undergo a reversible phase transition
from an amorphous to a crystalline state in response to
external stimuli. Such perturbations can be both electri-
cal and laser effects, which stimulate the release of heat in
the device and, as a result, a change in temperature, caus-
ing significant changes in the optical and electrical prop-
erties of the materials.'% 137 One of the successful mate-
rials in photonic computing is the Ge-Sbh-Te (GST) alloy,
which recently demonstrated nanosecond recording speed
using optical pulses.'®® This development has led to the
creation of photonic memory devices,'3? switches!4? and
non-volatile computers.'*! In addition, PCM has estab-
lished itself as a platform for neuromorphic bio-inspired
on-chip computing and has already demonstrated spike-
timing dependent plasticity'3? and control of spiking neu-
rons'4? in such systems.

Ref. [142] presented a bipolar integrate-and-fire spik-
ing neuron, including an integration unit (black dotted
block in figure 23a), consisting of two ring resonators
with integrated PCM based on Ge;SbyTes and ”firing”
unit (orange dotted block in figure 23a). The dynamics
of a spiking neuron is determined by a change in the GST
phase state due to the absorption of light passing through
the waveguide.

This process causes an increase in the temperature of
the material and, consequently, an increase in the amor-
phisation of the material, that is, the GST state can be
defined as a function of the thickness of the amorphous
layer in the material from the amplitude of the input
pulse. The use of two ring resonators allows the neuron to
receive input signals of both polarities in order to process
both positive and negative weight values of w4 synapses,
which is an important component in information process-
ing. In this case, the resulting amplitude of the pulse ar-
riving at the neuron, X, is equal to the difference between
the values of the positive and negative inputs. Thus, the
integration of the membrane potential is interconnected
with the amplitude of the resulting pulse arriving at the
neuron, which is represented by the integrating part of
the circuit in figure 23a in a black dotted frame. As soon
as GST reaches complete amorphisation, the membrane
potential crosses its threshold. The “firing” action of the
neuron is implemented by an additional photonic circuit
(see the part highlighted by the orange dotted frame in
figure 23a). This circuit consists of a photonic amplifier,
a circulator and a rectangular waveguide with a GST el-
ement in a crystalline state with low pulse transmission.
Based on the developed bipolar neuron circuit, the pos-
sibility of recording information at subnanosecond times
is shown.'38142 In addition, plasticity in weighing op-
erations of synapses'3?143 were demonstrated on these
PCM systems. The simplest prototype of an optical SNN
was proposed, which demonstrated the scaling of indi-
vidual synapses into a large-scale synaptic matrix capa-
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Figure 23. a — Schematic of a bipolar integrate-and-fire neuron
based on GST ring resonator devices, where the right part in the
black frame is responsible for integration part, and the right part
in an orange dotted frame corresponds to the “firing” part. b —
Schematic representation of three PCM neurons, each connected
to four ring resonators (input) with different wavelengths (blue ar-
rows). The total signal then enters the PCM cells (large rings on
the right side of the figure), where the spike is generated. These
images were adapted from Ref. [134] and then redrawn by authors.

ble of performing parallelised point computations through
wavelength division multiplexing,'** modulating the res-
onant wavelength by changing the size of the waveguides.
This allowed higher recording densities to be achieved
and circumvented some of the problems associated with
designing ring resonators whose size is comparable to the
operating wavelength range. Further, in the work,4® a
framework was proposed to demonstrate the operation
of the proposed photonic SNN platform based on ring
resonators with GST in solving image classification prob-
lems.

In 2019, the first experimental implementation of the
integrated photonic SNN'34 was presented, consisting of
three presynaptic neurons, one output (postsynaptic) neu-
ron based on ring waveguides with GST and a six-network
integrated all-optical synapses with integrated wavelength
division multiplexing technology. An illustration of the
experimental scheme of a neuromorphic PCM cell is shown
in figure 23b. Ref. [134] has already tested the possibil-
ity of unsupervised network learning, for which a feed-
back waveguide was added to the circuit design, through
which part of the output neuronal pulse propagates back
through the synaptic elements in the PCM. This means
that the connections with all the inputs that contributed
to a particular jump in the output data are strengthened,
and the connections that did not contribute to the jump
are weakened. As a result, the optical SNN developed
was able to detect the simplest patterns.

5.2 Spiking networks with semiconductor lasers

Semiconductor lasers are solid-state devices whose oper-
ation is based on the properties of a semiconductor ma-
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Figure 24. a — Schematic diagram showing the basic working

principle of the experimentally investigated weighting of sub-ns op-
tical spikes produced by a VCSEL-neuron. b — An experimen-
tal scheme of a photonic spiking neuron based on the use of the
photodetector-resonant tunneling diode — VCSEL scheme, see more
details in Ref. [153], where TL — tunable laser, ISO — optical isola-
tor, PC — polarization controller, MZM — Mach-Zehnder modulator,
PM - optical power meter, CIRC — optical circulator, OSA — optical
spectrum analyzer, PD — photodetector, and RT OSC — real-time
oscilloscope. These images were adapted from Ref. [152] and then
redrawn by authors.

terial. The power, directivity and compactness of solid-
state lasers make them indispensable for high-intensity
tasks, while the adaptability and efficiency of semicon-
ductor lasers lend themselves to applications requiring
precision and stability. Fairly recently, another promis-
ing application of semiconductor lasers has appeared —
neuromorphic computing. It has already been possible
to observe the manifestation of bio-inspired properties of
such systems, such as excitability % 7 and demonstra-
tion of nonlinear dynamics,*® ' which became promis-
ing first steps towards the implementation and study of
optical spiking neurons based on semiconductor lasers.

Vertical-Cavity Surface-Emitting Lasers
(VCSEL)!31:132 and Distributed Feedback Semiconduc-
tor Lasers (DFB-SL)'®? are currently the main types of
devices for creating and studying optical spiking neu-
rons. The photonic elements under consideration con-
sist of three parts: a photodetector acting as an optical-
electrical converter, a receiver — a pulse converter of the
micrometer range that generates pulses in response to
incoming disturbances at the input, and VCSEL with a
wavelength of 1550 nm, acting as a converter of an elec-
trical signal into an optical one. A typical scheme for
implementing spiking neuron based on VCSEL is shown
in figure 24a. Obtaining controlled optical spikes when
exposed to exciting signals is based on the effects of po-
larisation switching, as well as synchronisation of phase
and amplitude modulated injection locking.!%"

Another way of implementing the spiking optical neu-
ron'®! in laser systems is to use a resonant tunneling
diode: a semiconductor heterostructure with a double-
barrier quantum well.'®> Due to the N-shaped I-V char-

acteristic of the diode and the effect of resonant quan-
tum tunneling, such devices have rich nonlinear dynam-
ics. The amplitude of optical pulses in synaptic connec-
tions can be controlled by adjusting the VCSEL bias cur-
rent. An artificial optoelectronic neuron based on an In-
GaAs resonant-tunneling diode connected to a VCSEL
has been proposed and experimentally implemented!®?
(see figure 24b), which allows the presynaptic weight of
the emitted optical pulses to be fully tuned at high speed.
The operation of the optical neuron is based on coher-
ent injection locking of the VCSEL with a signal from
an external tunable laser source (TL). The TL signal is
passed through an optical isolator (ISO) to provide unidi-
rectional communication between the lasers, and the TL
light intensity is modulated using a Mach-Zehnder modu-
lator (MZM). The polarization of the modulated signal is
consistent with the orthogonally polarized VCSEL mode
before it is fed into the device through an optical circula-
tor (CIRC). Another branch of this connector is used to
register power of the VCSEL-neuron using the photode-
tector (PD) and the real-time oscilloscope (RT OSC) from
the power meter (PM). The wavelength TL corresponds
to a peak in the laser spectrum. Switching between the
states (threshold and steady) is carried out by adjusting
the input power. The information is encoded in the sig-
nal intensity in such a way that the “stronger” stimuli
correspond to a greater decrease in injection power.

The threshold characteristics and refractory period
of neurons based on VCSELs!"* %7 have already been
studied. These properties naturally determine the max-
imum pulse response frequency and are key properties
for spike processing using rate coding, photonic polari-
sation dynamics and excitability of neurons,'®® as well
as controlled distribution spike pulses.'®® 0  Further-
more, the simplest integrated photonic accelerator pro-
cessor based on VCSELs has been experimentally pro-
posed and the simplest implementation of the XOR!33
classification problem has been demonstrated. It is shown
that the spike laser neuron performs coincidence detection
with nanosecond time resolution with a refractive period
of about 0.1 ns. In addition,'®! proposed a physical model
for pattern recognition based on photonic STDP, which
is also based on VCSELs. However, the neurons on VC-
SELs require a continuous power supply to maintain the
behaviour of the neurons, so the advantages of energy
efficiency in such systems are negated. With regard to
DFB lasers, schemes have also been proposed for the im-
plementation of passive micro-ring optical spiking neu-
rons,'%2 where neuromorphic information processing is
performed, including image recognition based on STDP.
Note that an important difference from VCSEL in imple-
menting STDR on DFB-SL is the absence of wavelength
conversion and the use of optical filters. 61163

It should be noted that spiking of optical neurons on
other types of semiconductor lasers is currently being pro-
posed. For example, ring lasers have achieved multiple
spikes with a single perturbation,'®* excitation responses
based on semiconductor lasers on quantum dots!6% 166
have been successfully modelled, threshold properties of
optically injected microdisk lasers'®” have been studied,
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and an integrated graphene-excited laser has been shown
to exhibit dynamics on the order of picosecond
timescales.'%® However, these types of lasers are in the
early stages of research for SNN compared to VCSEL and
DFB-SL.

6 Discussion and conclusion

The opportunities for neuromorphic computing technol-
ogy are immense, ranging from classical tasks such as
pattern recognition and video stream analysis to central
nervous system modelling and brain-computer interfaces.
Challenges for the SNN include: neuromorphic locomo-
tion control, neurorobotics, gait control, environmental
perception, adaptation; computational modelling of the
brain in the study of biological nervous systems (Human
Brain Project); dynamic recognition; prosthetics (visual
and auditory implants, treatment of Parkinson’s, dysto-
nia, schizophrenia, etc.), etc.

For the time being, not many laboratories in the world
are involved in these projects and tasks, as the main focus
is now on the development of narrowly focused software
models that solve a strictly defined problem. There is
not yet a demand from large international companies or
large private consumer sectors for the creation of versatile
neural network models, but this moment is approaching:
the problem of designing and training deep neural net-
works of large dimensionality is becoming more and more
obvious. Nowadays, almost all neural network models
are implemented in one way or another on the basis of
NVIDIA’s video chips, the annual production of which is
very limited, and there are even certain quotas for bulk
purchases. The energy required to train such networks
is also a significant problem. At the same time, there is
no guarantee that the neural network model is designed
correctly and that the training is carried out as required:
it may turn out that the accuracy of the neural network is
not high enough, or there may be an overtraining effect.

The advantages of the semiconductor element base for
hardware implementation of bio-inspired neural networks
are significant developments in the field of information in-
put/output devices, digital-to-analogue and analogue-to-
digital converters. Unfortunately, one of the main prob-
lems when trying to implement hardware parallelism of
large networks is the implementation of synaptic con-
nections. In two-dimensional parallel hardware, physi-
cal wiring only allows connections between adjacent neu-
rons, whereas biological neurons are distributed in three-
dimensional space and have many (thousands) connec-
tions between populations.

Memristive technologies can be instrumental in the
creation of large-scale networks with a large number of
synaptic connections.'® The memristive crossbars, which
are used as a kind of synaptic grid with both STDP and
STDD (Spike Timing Dependent Depression). The neu-
rons themselves are mostly implemented using transis-
tors. Attempts are being made to create a fully memris-
tive neural network, but it is still not possible to realise
without more conventional semiconductor devices.

The field of superconductivity has its own distinct suc-

cesses (high performance and energy efficiency) and prob-
lems (low integration density). Special attention should
be paid to hybrid interdisciplinary approaches:'"™0 173 for
signal transmission, for light pulses transmitted from neu-
ron to neuron via optical waveguides on a chip, for infor-
mation processing and storage, and for superconducting
circuits, including single-photon detectors and supercon-
ducting digital logic cells. Superconducting technologies
make it possible to reduce the energy stored in pulses by
the electromagnetic field so that a signal containing only
a few photons can be used. To increase the compact-
ness and efficiency of the interaction with electromagnetic
radiation, current concentrating heterostructures (vari-
able thickness bridges or Dayem bridges) and multilayer
thin film heterostructures can be used instead of tradi-
tional superconductor-insulator-superconductor Joseph-
son junctions. Finally, superconducting implementations
are interesting because they allow close integration with
superconducting quantum bits.'™ This offers the hope of
being able to experimentally test hypotheses about the
role of quantum effects in the functioning of conscious-
ness.

In the pursuit of bio-inspiration, performance, energy
efficiency, scalability and compactness, one should not fall
into the extremes of the capabilities of a single element
base — it is likely that some elements of a neural network
are much more convenient and efficient to implement in
a different way. In this review, we have tried to show not
only that the field of spiking neural networks with bio-
inspired properties is actively developing, but that it is
developing in different directions, like an octopus with its
tentacles finding the right solution, the direction of devel-
opment. In our view, all the areas discussed in this article
have their own strengths and weaknesses. At the moment,
however, it is difficult to say which of them will “take
oft”. This is why hybrid approaches are so popular at
the moment, taking the advantages of their components
and compensating for their mutual disadvantages. In ad-
dition to hardware implementations and software SNNs,
biological neural networks based on biological organoids
and reservoir computing!”® 177 are on the way to creating
a biocomputer,'”® but we have left this area outside the
scope of this review.
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